TRIANGULINE REPRESENTATIONS AND LOCALLY ANALYTIC
PRINCIPAL SERIES OF GL»(Q,)

MATTHIAS STRAUCH AND ZICHUAN WANG

ABSTRACT. Let p be an absolutely irreducible 2-dimensional p-adic representation of the
absolute Galois group of Q,, and let II(p) be the unitary Banach space representation of
G = GL2(Q,) associated to p by the p-adic Langlands correspondence. We deduce from
results due to Colmez, Dospinescu, Paskiinas, Emerton, and others that if the locally analytic
representation I1(p)'* has a subquotient isomorphic to a non-zero subquotient of a locally
analytic principal series representation of GG, then p is trianguline.
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1. INTRODUCTION

Let £/Q, be a finite extension and p : 9, — GLy(E) an absolutely irreducible 2-dimensional
continuous representation of the absolute Galois group ¢, of Q,. Let II(p) be the unitary
Banach space representation of G = GLy(Q,) attached to p by the p-adic Langlands corre-
spondence, cf. [Coll0; CDP14]. Let II(p)™® be the locally analytic representation associated
to II(p). p is called trianguline if its (¢,I')-module D;;4(p) over the Robba ring # is an
extension of (p,I')-modules of rank 1, i.e., there is an exact sequence

0 — Z(01) — Dyig(p) — Z(62) — 0,

where 6,0, : Q) — E* are continuous (hence locally analytic) characters, cf. [Coll4, 0.3]
for the notation.! Let T' (resp. B) be the group of diagonal matrices (resp. upper triangular
matrices) in G. Given a locally analytic character x : T — E*, we denote its inflation to B
again by x and call the induced representation

Ind%(x) = {f : G — E | f is locally analytic,Yg € G,b € B : f(bg) = x(b)f(g9)} ,

'We use the term trianguline for what is called split trianguline in [Nak09; Ber11].
1
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a locally analytic principal series representation. This is an admissible representation (in
the sense of [ST03]) of length at most three, all of whose irreducible subquotients? are well
understood, cf. 2.1.1. We call an irreducible subquotient of a locally analytic principal series
representation of G a representation of principal series type.

The “if” part of the following statement is well known, cf. [Coll4; LXZ12; Liul2]. Similarly,
the “only if” part seems to be well known to experts, cf. [EGH, sec. 3.2.6], but has apparently
not been completely documented, which is the rationale for this note.

Theorem. Let p be as above. Then I(p)'* has a subquotient which is of principal series
type if and only if p is trianguline.

We sketch here the arguments for the “only if” direction. Absolutely irreducible non-
trianguline representations p can be divided into two classes:

(1) When no twist of p is de Rham with distinct Hodge-Tate weights.

(2) When there is a continuous character ¢ : 9y, — E* such that e®p is de Rham with
distinct Hodge-Tate weights.

In [Col19, Cor. 0.4], Colmez determines the Jordan-Hélder length of II(p)® for any p. For
non-trianguline p we have: if p is of type (1), then II(p)® is irreducible, and if p is of type
(2), then II(p)™® has length two.

Representations of type (1). Suppose that p is of type (1) and, by way of contradiction,
assume II(p)" to be of principal series type. This representation is then isomorphic to an
irreducible locally analytic principal series B**(dq,d2) = Indg(52®5lxgylc), where Xeye(z) =
x|z|, using the notation of [Coll4]. Therefore, this locally analytic representation embeds
into II(p), and can thus be equipped with a G-invariant norm. By a result of Emerton
[Eme05, 0.3], one has |0;(p)| < 1.

If |01(p)| = 1, then the inducing character is unitary and the map B*"(dy, d2) <> B (01, 2)
into the continuous induction B (41, d,) extends to a map « : I1(p) — B (41, d2), because
II(p) is the universal unitary completion of II(p)® ~ Ba(§;,d,). « is easily seen to be an
isomorphism. However, this is impossible as the image of the functor II does not contain
so-called ordinary unitary Banach space representations [CDP14, 1.1], [Pas13, 1.3].

If |01(p)| < 1, then s = (d1,d2,00) is a point on the trianguline variety .%,,, and B*"(dy, 2)
embeds into II(V(s)), where V (s) is the Galois representation attached to s. This embedding
extends to a map II(p) — II(V(s)) which can be shown to be an isomorphism. Hence
p =~ V(s) is trianguline, contradicting our assumption.

Representations of type (2). We may assume without loss of generality that p is de Rham, and
we suppose in this introduction that the associated Weil group representation WD(Dpst(p))
is absolutely irreducible.? Using the change of weights arguments of [Col19], one can reduce

2Throughout this paper, subrepresentation refers to a closed subrepresentation, and a subquotient is the
quotient of a closed subrepresentation by a closed subrepresentation. A representation is called irreducible if
it is non-zero and has no non-zero proper closed subrepresentation. Similarly, the (Jordan-Holder) length of
a representation refers to the length of a filtration by closed subrepresentations with topologically irreducible
quotients. This is a well-defined concept independent of the choice of such a filtration.

3See case (2b) in the proof of 3.1.2 for the case of irreducible but not absolutely irreducible WD(Dpst(p)).
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to the case when p is de Rham and has Hodge-Tate weights 0 and 1. In this situation
Dospinescu and Le Bras have shown in [DL17, 1.4] that II(p)™ sits in an exact sequence

0 — 7 := LL (WD(Dyps(p))) — H(p)'* — (H"(Z,, 0)");, — 0

where LL denotes the local Langlands correspondence?, ¥, is a Drinfeld covering space of
the p-adic upper half plane, and ¢ = JL(7) is the representation of D* corresponding to 7
by the local Jacquet-Langlands correspondence, where D is the quaternion division algebra
over Q,. The notation (—); on the right denotes the continuous dual space (with the strong
topology). As 7 is not of principal series type, it thus remains to show that the representation
on the right is not of principal series type. For this it suffices to show that the naive Jacquet
module of that representation vanishes. Equivalently, we must show that H°(X,, O)¥ has
vanishing U-invariants, where U C G is the upper triangular unipotent subgroup. It is not
hard to see that U-invariant rigid analytic functions on 3., are locally constant. The action
of D* on the (geometrically) connected components is known to factor through the norm
D* — Q. As ¢ is not one-dimensional, the space of U-invariant vectors in H 0(%,,0)" is
ZEro.

Further remarks. In [STO1, Appendix, Remark 2| the question had been raised whether all
absolutely irreducible admissible locally analytic representations are subquotients of locally
analytic parabolic inductions of locally finite-dimensional representations of Levi subgroups.’
For G = GL3(Q,) this would mean that every absolutely irreducible admissible locally ana-
lytic representation is (a) of the form (\ o det)®Sym*®n with a locally analytic character
and a smooth absolutely irreducible representation 7, or is (b) an irreducible locally analytic
principal series representation. As we show here, this is not the case for II(p)® when p is of
type (1) and stays non-trianguline after any base change. Moreover, for de Rham represen-
tations p of type (2) with absolutely irreducible WD(D,(p)) the quotient II(p)/TI(p)"s is
not a representation of the form (a) or (b). For such p the representation II(p)"* is never-
theless somewhat accessible as it has a geometric description in terms of the Drinfeld tower.
For non-trianguline p which are not twists of de Rham representations, the representations
II(p)' have not yet been explicitly described.

Acknowledgments. We thank Zijian Yao for raising the question of whether the result dis-
cussed here had already been completely documented in the existing literature.

2. JORDAN-HOLDER FACTORS OF SOME LOCALLY ANALYTIC REPRESENTATIONS OF
GL2<QP)

Throughout this paper E/Q, denotes a finite field extension. The purpose of this section is
to gather some facts for later reference. The results in sections 2.1 - 2.3 are already known
and are restated here for convenient reference in the proof of theorem 3.1.2.

4 Associating smooth representations to 2-dimensional Weil-Deligne representations, normalized as in [Col10,
VL6 §11, p. 465].

5The condition imposed in loc.cit. is that the strong dual is topologically simple and analytic, but this is
equivalent to it being topologically simple and coadmissible. Moreover, in this remark we only consider
absolutely irreducible representations in order to avoid rationality issues.
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2.1. Locally analytic principal series representations of GLy(F'). In this subsection
only, we let F' be an intermediate field Q, C F C FE, and consider locally F-analytic
representations of GLy(F') on E-vector spaces.

Proposition 2.1.1. Let W be an irreducible subquotient of a locally F-analytic principal
series representation of G = GLo(F') over E. Then W is isomorphic to a representation of
exactly one of the following types:

(1) (X o det) ® Sym*(E?) ® 7, where A : F* — E* is a locally F-analytic character,
and 7 is an irreducible smooth representation of G. The latter is either the trivial
one-dimensional representation, the Steinberg representation, or a smooth principal
series representation.

(2) An irreducible locally F-analytic principal series representation.

Moreover, the underlying vector space of W has countable (possibly finite) dimension over

E if and only if W is of type (1).

Proof. Let T' C G be the maximal torus of diagonal matrices. Let y : T"— E* be a locally
analytic character, and define c¢(x) € E by the equation y(diag(t,t 1)) = t=™ for t € F
sufficiently close to 1. If ¢(x) ¢ Zso, then the locally analytic induction Ind$(x), where B is
the Borel subgroup of upper triangular matrices in G, is topologically irreducible, cf. [KS06,
3.1.6], [OS10, 4.2.2]. Then we are in case (2) of the statement.

Now we assume k := c(x) € Zzo. Write x(diag(a,d)) = xi(a)x2(d) = 3%(a)xz(ad) with
locally analytic characters yi,x2 : F* — E*. Then an easy computation shows that k =

/
B <&> (1). Hence X (a) = a~*7(a) with a smooth character 7 : F* — E*.
X2 X2

Set ¢, (diag(a,d)) = a, so that x = (ysodet) - 7" - (rog,). It follows that Ind%(y) =
(x20 det)®IndSG (7" - (Tog1)). Moreover, we have

Indg(efk - (Togy)) = ]—"g(M(kdgl), TOEY) ,

where F§(—,—) is the bi-functor introduced in [0S15, 4.6.2], and M (kde;) is the Verma
module associated to the dominant integral weight kde;. This Verma module has the finite-
dimensional irreducible representation L(kde;) ~ Sym*(E?) as a quotient, and we have an
exact sequence

0 — M(kdey, — (k + 1)da) — M(kdey) — L(kdey) — 0.
Here the Verma module on the left is the submodule of M (kde;) generated by y**1.oF, where

vT is a generating vector of M(kde;) and y = , and y**!1.vT has therefore weight

00
10
kde; — (k + 1)dae. The Verma module on the left is irreducible (already as a module over
sly). By the exactness of F§ [0S15, 4.9 (i)] one has an exact sequence

0— ]—"g(L(kzdsl), TOE)) —> ]—"g(M(k:del), TOEY) —> Fg(M(kdsl—(k+1)da), Togy) — 0.
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The representation on the right is irreducible by [OS15, 5.8]. Moreover, the “P-Q formula”
[OS15, 4.9 (ii)] gives

FH(L(kdey), Toer) = F& (L(kdey), ind$(Toer)) = Sym*(E?*)®@pind(roe,)

where ind denotes smooth induction. Using [OS15, 5.8] again, we see that this represen-
tation is irreducible if the smooth representation ind%(roe;) is irreducible. If the latter
is reducible, then it has a Jordan-Hélder filtration of length two whose subquotients are
a one-dimensional and an infinite-dimensional representation isomorphic to a twist of the
Steinberg representation St. Applying once more the exactness of F§ and [0S15, 5.8],
we conclude that when ind$(roe;) is reducible, the representation F§(L(kde;), Tog;) has
(topological) Jordan-Hélder length 2, and the two irreducible subquotients are of the form
(Fodet)®pSym”(E?) and (7o det)®pSt®@pSym”(E?), for a smooth character 7.

Clearly, if W is of type (1), it is of countable dimension. On the other hand, choosing a locally
analytic section of the projection G — B\ G, one sees that any locally analytic principal series
representation of G over E has an underlying vector space which is isomorphic to the space
C'*(B\G, E) of locally analytic functions on B\G =~ P*(F), and this space is of uncountable
dimension over FE. 0

Remark 2.1.2. The irreducibility and Jordan-Holder series of locally analytic principal
series representations of GL3(Q,) have also been discussed in [ST02, Thm. 6.1 and Rem. 2
after Prop. 6.2] (note that the definition of ¢(x) given there differs by a sign from the one
used in the preceding proof).

2.2. Unitarizable principal series representations of GLy(Q,). Here, and for the re-
mainder of this paper, we return to the case of G = GLy(Q,). Given a locally analytic
character 0 of Q) we set u(d) = v,(6(p)) and w(d) = ¢'(1). Let T'C B C G be as in the
introduction.

Proposition 2.2.1. Let x : T'— E* be a locally analytic character, and write x = 52®5IXC}1C

so that Ind$(x) = B*(dy, &2) in the notation of [Coll4, 0.4]. Assume that this representation
is irreducible and has a non-zero unitary Banach space completion.® Then:

(a) u(d1) + u(d2) = 0;
(b) u(d1) > 0;
(¢) w(010;") ¢ Zo.

p
0

with the scalar (d102)(p). As we assume that V' has a non-zero unitary Banach space com-
pletion, the element g must act by multiplication with a scalar in Oj;. Therefore, condition
(a) holds.

Proof. Note that the group element g = ( 2 ) acts on V = B* (01, d9) by multiplication

Now we show that condition (b) holds. Let B be the subgroup of lower triangular matrices.
By [Eme, 0.3] there exists a closed T-equivariant embedding x.05 < J5(V'), where d5 is the

6By this we mean that this representation contains a G-invariant Opg-lattice which does not contain a non-
zero E-vector space.
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Haar modulus character of B and J5 is the Jacquet functor of [Eme06]. Sibce V' is of compact
type and topologically irreducible, [Eme05, 1.6], applied to P = B and the character x.dg
of T, gives

vte T Jog () (x-05) ()| = x(® <1,

10
zZ, 1

10

0 _
where NE_ ( 0 »

) and T+:{t€T|tNO§t_1CN%}. For ty = < ) € T one has

IX(to)| = |62(1)01(p)(plp)) | = |61 (p)| < 1,

hence condition (b) holds.

(c) It is immediate to check that w(8;6; ) —1 = ¢(x), where ¢(x) is defined as in the proof of
2.1.1. Therefore, (c) is equivalent to c(x) ¢ Zso, and this is precisely the case when Ind$(x)
is irreducible, by, e.g. [KS06, 3.1.6, 3.1.8] (or the discussion in the proof of 2.1.1). O

2.3. Locally analytic vectors in Banach space representations of GLy(Q,).

Theorem 2.3.1 ([Coll9]). Let p : %y, — GLa(E) be an absolutely irreducible continuous
representation, and let II(p) be the unitary Banach space representation of G = GLy(Q),)
associated to p by the p-adic Langlands correspondence.

(1) Suppose p is neither trianguline nor a twist of a de Rham representation with distinct
Hodge-Tate weights. Then I1(p)™ is irreducible.

(2) Suppose p is not trianguline and there is a continuous character € of %y, such that
e®p is de Rham with distinct Hodge-Tate weights. Then I1(p)* is of length two and
the subspace of T(p)St2@) e of ocally algebraic vectors for the action of SLy(Q),)
15 the only proper non-zero subrepresentation.

(3) Suppose p is trianguline. Then all irreducible subquotients of T1(p)'® are of principal
series type. More precisely, if the (p,T")-module A(p) attached to p is an extension of
R(d2) by R(61) where 01,0y are locally analytic characters of Q), then the semisim-

plification T1(p)'®%s of TI(p)® has the following description.:
H(p)la,ss = Indg(5g®(5lxgylc)ss D Indg((51®(52)<gylc)ss
Proof. (1) This holds by [Col19, Thm. 0.3, (i)].

(2) That II(p)'® has length two in these cases is [Col19, Cor. 0.4, (ii), first and second bullet
points]. As p — II(p) commutes with twisting by characters, we may assume that p is de
Rham with Hodge-Tate weights a < b. The assertion about the locally algebraic vectors
then follows from [Col10, Thm. 0.20].

(3) This is [Col19, Rem. 0.2, (ii), first case]. O

3. TRIANGULINE REPRESENTATIONS AND REPRESENTATIONS OF PRINCIPAL SERIES TYPE

We begin with a lemma which will be useful in the proof of 3.1.2 below.
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Lemma 3.1.1. Let II be an admissible unitary E-linear Banach space representation of
G = GL2(Q,). Denote by I13L728 the closed subspace of 11 vectors which are locally algebraic
for the action of SLy(Q,). If II'a/TIStale =£ (0 then T is of uncountable dimension as a
vector space over E.

Proof. The representation I is admissible by [ST03, 7.1] whose notation and results we use
in the following. Let H C G be an open compact subgroup, and fix a strictly increasing
sequence (r,), in (%, 1) N p@ converging to 1. Let M = (II'*); be the continuous dual
space, equipped with the strong topology. Then M, := D, (H, E)®pm,pM is a finitely
generated module over the noetherian Banach algebra D, (H, E). By [Sch02, 16.5] one has
s = lim (My),. Because the system (M, )y, is a coherent sheaf, the map M — M, has dense

image, and the map (M,,); — II'* is thus injective. Hence, if II'"* is of countable dimension,
then this is also the case for the Banach spaces (M,);. A Baire category argument shows
that each (M,); must be finite-dimensional. By [ST01, 3.2], each (M,,); is contained in the
locally algebraic vectors for the action of SLy(Q,). Since IT* = h_ngn(Mn)g, this would imply

[1'* = [15¥12k8 contrary to the hypothesis. O

Theorem 3.1.2. Let E/Q, be a finite extension and p : 9y, — GLa2(E) an absolutely
irreducible continuous representation. Let T1(p) be the unitary Banach space representation
of G = GLy(Q,) associated to p by the p-adic Langlands correspondence. Then the following
assertions are equivalent:

(i) The locally analytic representation I1(p)'® has a subquotient which is isomorphic to a
non-zero subquotient of a locally analytic principal series representation of G.

(i1) p is trianguline.

Proof. “(ii) = (i)”. This is implied by part (3) of 2.3.1. In fact, every irreducible subquotient
of II(p)' is of principal series type.

“(i) = (ii)”. Suppose that p is not trianguline. Then p is exactly one of the types described
in (1) and (2) of 2.3.1. Set I := II(p).

(1) We assume that p is of type (1) in 2.3.1. If p is a twist of a de Rham representation
with equal Hodge-Tate weights, then we may twist p and henceforth assume without loss of
generality that it is actually de Rham. Then 18 = [[Sals By 2.3.1, 11" is topologically
irreducible. Suppose that II'* is a subquotient of a locally analytic principal series representa-
tion. By [Col10, 0.20] we have IT'®% = 0, hence II15V"18 = (), and by 3.1.1 IT*® is not of count-
able dimension over E. By 2.1.1, it follows that IT'*® is itself isomorphic to a principal series
representation Ind$ (). Hence Ind$(x) embeds into the Banach space representation II, and
can thus be equipped with a G-invariant norm. Write x = 6,®01 X ¢, Where Xeye(z) = z|z]
is the p-adic cyclotomic character. We then have [(6192)(p)| = |x(diag(p,p))| = 1 because
Ind$(x) embeds into a unitary Banach space representation.

Case u(d;) = 0. Then x is unitary, and the locally analytic induction Ind%(y) embeds into
the continuous induction Ind%(y)°°™. By [CD14, VIL11], II(p) is the universal completion
of II", and hence there is a continuous G-homomorphism « : II — Ind$(y)®". This has
dense image and is strict by [Emel7, 6.2.9], and thus has closed image. The map is therefore
surjective. Since II is irreducible, it is also injective and hence an isomorphism of Banach
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cont

space representations. Because Indg(x) is an ordinary Banach space representation, this

contradicts [CDP14, 1.1], [Pas13, 1.3].
Case u(61) > 0. By 2.2.1 the triple s = (d1,02,00) is a point of the subset .#¢ of the

trianguline variety .7, of Colmez, see, e.g., [Coll4, 0.3]. By [Coll4, 8.7 (i)], the locally
analytic representation Ind%(y) = B*(8y, 65) embeds into the unitary Banach representation

IV (s))-

On the other hand, using again that the universal completion of I is equal to II [CD14,
VIL11], we deduce that the embedding Ind%(y) — II(V(s)) factors through II, and we
thus have a non-zero continuous G-homomorphism « : II — TI(V(s)). Moreover, o has
dense image because the image contains Ind§() and II(V(s)) is irreducible. By the same
arguments as above, we conclude that « must be an isomorphism. By [CDP14, 1.1}, this
implies p ~ V(s), which contradicts our assumption that p is not trianguline.

(2) Here we consider a non-trianguline representation p of type (2) in 2.3.1. As the p-adic
local Langlands correspondence is compatible with twisting by characters [CD14, I11.13], we
can assume without loss of generality that p is de Rham with Hodge-Tate weights 0 and
k > 0. Again we have [T = [[5V12l8  We distinguish two cases.

(2a) Suppose the associated Weil group representation WD (D, (p)) is absolutely irreducible.

Step 1. We now use [Coll9] whose notation we will largely follow. Let M be the Deligne-
Fontaine module associated to p, and let £ be the 1-dimensional FE-vector subspace of
Mg = (@p®Qng )%@p corresponding to the filtration associated to p. Let Ay ¢ be the
(¢, I')-module corresponding to p (which is determined by M, k, and .Z), and let A be
the (¢, I')-module corresponding to the representation of ¢, of Hodge-Tate weights (0, 0)
with Deligne-Fontaine module M. By [Col19, 0.6 (iii)] there is an admissible locally analytic
representation I[I(M, —k) of G which fits in an exact sequence

0 — I(Ag.2)™8 — TI(Ag.2)® — TI(M, —k)2det” — 0,

where TI(Ay )" ~ II' and the superscript “lalg” denotes locally algebraic vectors (Colmez

writes “z*” for the twist by det® on the right-hand side of the exact sequence). In particular,
H(Ak z))lalg — Hlalg‘

Step 2. By [Coll0, 0.20, 0.21] we have II™¢ = Sym"'(E?)®pgm, which is irreducible by
2.3.1 (2). Moreover, m = LL(M) is smooth and supercuspidal. Because 7 is of countable
dimension, if II(p)®®# were isomorphic to an irreducible subquotient of a principal series
representation, it would have to be of the form (A o det)®gSym*(E?)®g7, with a smooth
irreducible representation 7 which is not supercuspidal, by 2.1.1. Viewing these as Lie algebra
representations shows that k£ = k — 1 and that X is smooth. After replacing (Ao det)®pT by
7 we may therefore assume A = 1.

But if Sym* ! (E?)®pr ~ Sym* ! (E?)® g7, then

T~ lingomK(Symk_l(EQ), II(p)'#le) ~ liﬂHomK(Symk_l(Ez), Sym" 1 (E*)®p7) ~ T,
K K
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where the inductive limit is over the open subgroups K C G, and the isomorphisms on the
left and right hold by [ST01, App., Thm. 1], [Emel7, 4.2.8] (and the arguments given in the
proofs of these results). This contradicts the supercuspidality of .

Step 3. We now consider V := I1'/T1'%le = TTla/T[5L1le wwhich is irreducible by part (2) of
2.3.1. Our goal is to show that V' is not isomorphic to an irreducible subquotient of a locally
analytic principal series representation. Suppose, to the contrary, that V' were isomorphic
to such a representation. By Lemma 3.1.1, V' is not countable-dimensional; 2.1.1 would
therefore imply that V' itself is an irreducible principal series representation. From the exact
sequence

0— H(A&g)lalg — H(Ak7g)la — H(M, —k‘)®detk — 0,

we deduce that V = TI(M, —k)®det®. Let U be the unipotent radical of B. By [Col19, 3.18,
3.20], we have the following isomorphism as U-representations:

(M, —k)®det” = TI(M, —1)®det .

The naive Jacquet module (with respect to the Borel B) J"¥(Z) of a locally analytic
representation Z is defined to be the maximal Hausdorff quotient of Z on which U acts
trivially. It follows that J"*¢(V') vanishes if and only if J*V°(II(M, —1)®det) vanishes.
It suffices to show that J"*"e(IT1(M, —1)®det) = 0, because the naive Jacquet module of
locally analytic principal series representations never vanishes, cf. [KS06, 5.1.7]. We have
thus reduced the problem to the case when k£ = 1.

Step 4. Our goal is now to show that the naive Jacquet module of IT(M, —1)®det vanishes.
We are going to use some of the main results of [DL17]. Let D be the quaternion division
algebra over Q, and Op its ring of integers. Denote by Zp the completion of the maximal
unramified extension of Z,. Let M, be the Rapoport-Zink space which is the formal moduli
scheme of special formal Op-modules X on schemes S over Zp on which p is locally nilpotent,
together with a quasi-isogeny X Xz (S mod p) — X xg (S mod p), where X is a fixed special

formal Op-module over Fp.

Denote by M, the rigid analytic space over @p = Zp[%] associated to My. It is a disjoint
union of countably-infinite many copies of the p-adic upper-half plane over @p (indexed by
the height of the quasi-isogeny on the mod-p fiber). This rigid analytic space is equipped
with a Weil descent datum which becomes effective after taking the quotient by the action
of p1 := diag(p,p). Let Xy be the corresponding model over Q, of Mo/(p1)%. We then
consider the Drinfeld covering space M,, over My which parametrizes primitive p”-torsion
points on the universal deformation of X over M,. Tt is a Galois covering of M, with Galois
group H, := 0% /(14 p"Op). Finally, the Weil descent datum on M, lifts to a Weil descent
datum on J\>ln and it becomes effective on Mn / (pl)Z. Let 3, be the corresponding model
over Q, of this quotient.

As before, we have the smooth supercuspidal representation # = LL(M), and we let 1) =
JL(m) be the representation of D* which corresponds to 7 by the Jacquet-Langlands cor-
respondence. We set X, g = X, Xgp(q,) SP(E). After possibly enlarging £/ we may assume



10 MATTHIAS STRAUCH AND ZICHUAN WANG

that all geometrically connected components of 3, are defined over E. In particular, ¥ g
is isomorphic to the disjoint union of two copies of the p-adic upper-half plane. By [DL17,
Thm. 1.2], the representation II(M, —1)®det is isomorphic to (HO(EWE,OW); for some
n > 0, where (—)j denotes the continuous dual space with the strong topology. Since ¥, g
is a Stein space, H(3, g, O)¥ is a nuclear Fréchet space and thus reflexive. Therefore, it
suffices to show that the subspace of U-invariant vectors of H°(X, g, O)¥ is zero. For a
suitable global coordinate z on a connected component of ¥y g, the right action of U is given

by
1 wu —

This shows that if f € H°(Xg g, O) is U-invariant, it is locally constant, i.e., constant on
each connected component of ¥y g. Now let f € O(X, g) be U-invariant. The polynomial
[Then, (T — h(f)) has coefficients in H%(X g, ©), because H(Xo g, O) — H(%, g, O) is a
finite ring extension which is Galois with group H,,. These coefficients are also U-invariant
and hence constant on each connected components of ¥y . On each connected component
C of ¥, g, the function f|c is thus a root of a polynomial with coefficients in E, and hence
itself constant (as E is integrally closed in H°(C, 0)). It follows that H°(X, g, O)V consists
of locally constant functions.

The action of D* on the space of locally constant functions on X, g factors through the
norm, cf. [Car90, sec. 4.3]. But f lies in an isotypic component H°(X, g, O)¥ for an
irreducible representation ¥ which does not factor through the norm, then f must be zero.
This completes the proof in case (2a).

(2b) Let p again be non-trianguline of type (2), de Rham with Hodge-Tate weights 0 and
k > 0, and suppose W := WD(Dp«(p)) is not absolutely irreducible. We first note that
W must be irreducible, because otherwise a rank 1 subobject of D, (p), together with
the induced filtration, gives rise to a saturated rank 1 subobject of Dig(p), which is a
triangulation since Diq(p) is of rank 2, cf. [Nak09, 1.18 (2)], [BS07, 4.1].

Set By = EndEWQp](W), where %, is the Weil group of Q,. Because W is irreducible,
the ring Fs is a division algebra, and because W is not absolutely irreducible, Fy # FE.
Because 2 = dimg(W) = dimg(Es,) - dimpg, (W), we find [E; : E] = 2 and the action of
Wy, on W is given by a (locally constant) character 7 : #g, — E5. In the following we
write (—)g, = (—)®gEs. Let 0 € Gal(Ey/FE) be the non-trivial Galois automorphism. Then
Wg, ~T@®oor. Since W is irreducible, 7 does not factor through E* — EJ, and it follows
that

(3.1.3) reor) ™t ¢ {1,]-|*'}.

Here |- | : #g, — W(Qi}f ~ Q) M p?, where the p-adic absolute value is normalized by
Iplp, = p~!, as usual. We have
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H(pEQ)lalg = Symkil (E22)®E2LL (WD<DpSt (pEQ)))

~ Sym"™(Bf)@p,indg (r®(0o7)| - [7)

where the first isomorphism holds by [Col10, 0.20, 0.21] and the second isomorphism by
[Col10, subsection 11 in VI.6]. Because of 3.1.3 the representation ind (r&(coT)|-|™) is
irreducible [BHO06, 9.6]. If 118 were a representation of principal series type, it would be
of the form Sym" '(E?)®@pindf (x1®xo| - |7!), with E-valued characters yi, Xo satisfying
X1X2" # |- [*!. The base change to E» would be Sym" '(E2)®g,ind% (x1,5,®X2.5| - | 7).
The argument in Step 2 of case (2a) then implies

indf (x1,8,0X2.8,| - |7') ~ indG (r@(c o 7)[ - |71 .
By [BHO6, 9.10] this implies

-1

X1,E:@Xo,E,| - | =T1@(0oT)|- | or X1,m@Xem| | =(cor)®T| |7,

Either equality would show that 7 is F-valued, contradicting the preceding observation that
7 is not FE-valued. It follows that I is not of principal series type.

Now we consider T /IT'8 = T8 /T[SL72ls wwhich is irreducible by 2.3.1 (2). If this represen-
tation would be of principal series type, it would have to be an irreducible principal series,
by 3.1.1 and 2.1.1. Its base change to Es would be an irreducible principal series, cf. the
proof of 2.1.1. Since pg, is trianguline with distinct Hodge-Tate weights, [Col19, 0.4 (ii),
bullet points 3 and 4]7 shows that II(pg,)™ has length three or four. Hence [II'"*/II"8] @ 5 F,
is of length at least two. Therefore, II'* /1! cannot be of principal series type. 0J
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