
CHANGE OF WEIGHTS OPERATIONS FOR TRIANGULATED
(φ,Γ)-MODULES

ZICHUANWANG

Abstract. Wuhas shown the existence of “change ofweights” operation on (φ,Γ)-modules in
families, [Wu, Prop. 3.16]. We interpret it in the trianguline case as pullbacks with a discussion
on related stacks. Finally, we prove that it intertwines well with translation functors via a 1-1
correspondence defined by Ding [Din25] in the non-critical crystabelline case.
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1. Introduction

1.1. Background andmain results. Under the locally analytic p-adic Langlands correspon-
dence of GL2(Qp) established in [Col16], the papers [JLS24] and more generally [Dina] studied
certain “change of weights” operations on 2-dimensional p-adicGQp-representations (or rather,
(φ,Γ)-modules of rank 2 over the Robba ring) that were shown to correspond to translation
functors ([Hum08]) on the side of locally analytic representations of GL2(Qp). Then, such
operations were generalized by Wu to families of (φ,Γ)-modules of rank 2 over rigid spaces in
[Wu]. The paper [Col19] can be seen as a precursor of these techniques and results (even though
the connection to translation functors is not considered there).
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1.1.1. Change of weights for triangulated (φ,ΓK)-modules. It is natural to ask for a general
theory of “change of weights” for (φ,ΓK)-modules. For GL2(Qp), using the basic constructions
in the p-adic Langlands correspondence of Colmez, Ding equipped (φ,ΓQp)-modulesD of rank

2 over the Robba ring RQp,E with gl2(Qp)-module structures, equipped D ⊗E Symk(E2) with
natural gl2(Qp)-module and (φ,ΓQp)-module structures, and developed a theory of change of
weights in [Dina].

For n > 2 or a larger base fieldK ̸= Qp, it is unclear to us how to equip (φ,ΓK)-modules over
RK,E with gln(K)-module structures, butwe always have pullback and pushforward operations
in the category of pairs (D,Fil•(D)), whereD is a trianguline (φ,ΓK)-module and Fil•(D) is a
triangulation onD, i.e., a filtration ofD with successive quotients of rank 1. The bijectivity of
their induced maps between the cohomology groups in [Col08, Theorem 2.22(i)] is reminiscent
of the fact in [Hum08, §7.8] that translation functors between dominant integral weights of the
same regularity are equivalences of categories, which motivated us to consider pullback and
pushforward operations as some kind of “change of weights” operations.

More precisely, given a triangulated (φ,ΓK)-module (D,Fil•(D)) of rank n overRK,A with

Fil0(D) = 0 ⊊ Fil1(D) ⊊ · · · ⊊ Filn(D) = D,

whereA is any affinoid algebra over a finite extensionE/Qp and Fili(D) are saturated (φ,ΓK)-
submodules of D, for 0 ≤ j ≤ n we consider the extension

0→ Filj(D)→ D → D/Filj(D)→ 0.

Let ΣK be the set of embeddings from K to E. We always assume that |ΣK | = [K : Qp]. For
any k = (kσ)σ ∈ NΣK , let tk :=

∏
σ:K→E t

kσ
σ ∈ RK,E, cf. [KPX14, Notation 6.2.7]. Then,1 we

can pullback D along tk(D/Filj(D)) ⊂ D/Filj(D) to get a subobject pk(D,Fil
j(D)) of D:

0→ Filj(D)→ pk(D,Fil
j(D))→ tk(D/Filj(D))→ 0.

Note that if (hi,σ)1≤i≤n,σ ∈ (An)ΣK are the Sen weights ofD, with (hi,σ)σ ∈ AΣK being the Sen
weights of the (φ,ΓK)-module Fili(D)/Fili−1(D) of rank 1 for 1 ≤ i ≤ n, then

h′i,σ =

{
hi,σ if i ≤ j

hi,σ + kσ if i > j

are the Sen weights of pk(D,Fil
j(D)) of D.

One can then ask whether these weight-shifting operations descend to the category of trian-
guline (φ,ΓK)-modules (without fixing a filtration). But it is easy to see that in general they
depend on the choice of triangulation, as the following example shows.

WhenK = Qp, for an integer i, we write x
i : Q×

p → E×, a 7→ ai, and denote byRQp,E(x
i) the

(φ,ΓQp)-module of rank 1 associated to this character. Explicitly, it is the free RQp,E-module

RQp,Eei of rank 1 with φ(ei) = piei and γ(ei) = ε(γ)iei for γ ∈ ΓQp , where ε : ΓQp

∼−→ Z×
p is the

1As for the pushforward operations, starting from the extension 0 → Filj(D) → D → D/Filj(D) → 0, we

may also consider its pushforward along the inclusion Filj(D) ⊂ t−kFilj(D), resulting in a (φ,ΓK)-submodule
ιk(D) of t−kD that is an extension of the form

0→ t−kFilj(D)→ ιk(D)→ D/Filj(D)→ 0.

The pushforward ιk(D) becomes isomorphic to the pullback pk(D) after a character twist (Lemma 2.2). Hence,
we mainly focus on the pullback operations pk in the article.
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cyclotomic character. Then, RQp,E(x
i) has Sen weight i. Let D = RQp,E(x) ⊕ RQp,E(x

2) be
split2 of rank 2 and Hodge-Tate-Sen weights {1, 2}. Then we have two triangulations

0→ RQp,E(x)→ D → RQp,E(x
2)→ 0,

0→ RQp,E(x
2)→ D → RQp,E(x)→ 0.

Applying pullbacks with k > 0, we getRQp,E(x)⊕RQp,E(x
k+2) andRQp,E(x

2)⊕RQp,E(x
k+1)

respectively, which are of different Hodge-Tate-Sen weights {k + 2, 1} and {k + 1, 2}.

1.1.2. Using Sen polynomials. However, [Wu, Proposition 3.16] implies that this weight issue
is the only obstruction for the pullback to be independent of the triangulation. Let K = Qp

here for simplicity, and let A be any affinoid E-algebra. Wu showed that if the Sen polynomial
PSen,D(T ) ∈ A[T ] of D admits a factorization

PSen,D(T ) = Q(T )S(T )

with monic Q(T ), S(T ) ∈ A[T ], with (Q,S) = 1, then there exists a unique (φ,Γ)-submodule
D′ of D satisfying

tD ⊂ D′ ⊂ D

and having Sen polynomialQ(T −1)S(T ).The proof used Beauville-Laszlo gluing [Wu, Propo-
sition A.3] to show that, under the equivalence of (φ,ΓK)-modules and ΓK-equivariant vector
bundles on the Fargues-Fontaine curve XK∞,A [EGH, Theorem 5.1.5], with respect to the
canonical decomposition of the Sen module

DSen(D) = ker(Q(ΘSen))⊕ ker(S(ΘSen)),

there is a unique modification of the (φ,Γ)-module D at∞ on the curve XK∞,A such that the
resulting equivariant subbundle D′ ⊂ D has the Sen polynomial PSen,D′(T ) = Q(T − 1)S(T ).

IfD is a trianguline (φ,ΓK)-module overRK,A and Fil•(D) is a triangulation onD, then for
any 1 ≤ j ≤ n, the extension

0→ Filj(D)→ D → D/Filj(D)→ 0

induces a splitting of the Sen polynomial

(1.1.1) PSen,D(T ) = PSen,D/Filj(D)(T ) · PSen,Filj(D)(T ),

and p1(D,Fil
j(D)) is a (φ,Γ)-submodule of D satisfying

tD ⊂ p1(D,Fil
j(D)) ⊂ D

and having Sen polynomial PSen,D/Filj(D)(T − 1)PSen,Filj(D)(T ). If (1.1.1) is a comaximal fac-

torization, then p1(D,Fil
j(D)) is the unique (φ,Γ)-submodule of D containing tD of the Sen

polynomial PSen,D/Filj(D)(T − 1)PSen,Filj(D)(T ). Moreover, in this case, for any triangulation
Fil•(D)′ on D inducing the same splitting as (1.1.1), by the uniqueness we have that

p1(D,Fil
j(D)′) = p1(D,Fil

j(D)).

Consider those (φ,ΓK)-modulesD on Sp(A) that are Tate-fpqc locally trianguline. Assume
moreover that at each point z ∈ Sp(A), the fiberDz := D⊗A k(z) is “weight-uniform triangu-
line” in the sense that all possible triangulations onDz⊗k(z)L induce the same ordering on the
set of Sen weights of Dz, for all finite extensions L/k(z). Any local triangulation on D locally

2We refer the reader to Remark 3.6 for a non-split example.
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gives us a factorization of the Sen polynomial. After imposing necessary restrictions on its Sen
weights at geometric fibers, we can perform such “modifications at∞” iteratively on D in an
invertible way that is independent of the choice of covers and local triangulations, whenever
the resulting movement of our ordered Sen weights in the weight space does not meet any of
the relevant walls, cf. Theorem 4.10 for our exposition on Wu’s result and Theorem 4.12 for
discussion in the weight-uniform trianguline case.

1.1.3. The point of view of the analytic Emerton-Gee stacks. Recall from [EGH, §5.3] that over
the categoryRigE of rigid analytic spaces overE equippedwith theTate-fpqc topology, we have
the moduli stack Xn of rank n GK-equivariant vector bundles over the Fargues-Fontaine curve
XK , and the stackXB ofGK-equivariantB-bundles onXK , whereB denotes theBorel subgroup
ofG = GLn consisting of upper triangular invertible matrices. Then, by the equivalence [EGH,
Theorem 5.1.5], a triangulated (φ,ΓK)-module (D,Fil•(D)) of rank n overRK,A defines a point
in XB(A), while the (φ,ΓK)-module D defines a point in Xn(A).
We introduce in Definition 4.4 “weight-uniform trianguline substack” Xwu

n of Xn, and some
additional substacks Xσ-wu,i

n ⊂ Xσ-wu
n characterized by the property that, for any triangulation

onD, the first n− i σ-Sen weights are distinct from the last i σ-Sen weights at any z ∈ Sp(A).
The pullback operator pi,σ (§4) that increases the last i σ-Sen weights by 1 and leaves all other
Sen weights invariant descends to a map from Xσ-wu,i

n to Xn. Then, we deduce the following
theorem, cf. Definition 4.6 (and Remark 4.7) for the precise meaning of our notation.

Theorem A. The pullback maps pi,σ : XB → XB descend to canonical morphisms of stacks

pi,σ : Xσ-wu,i
n −→ Xn

such that for S ⊂ ΣK, I =
∏

σ∈S Iσ ⊂ {1, . . . , n}S and k = (ki,σ)σ∈S,i∈Iσ ∈ NI ,

pk :=
∏
i,σ

(pi,σ)
ki,σ : XS-wu,I,k

n
∼−−→ XS-wu,I,−k

n

are isomorphisms between these weight-uniform trianguline substacks, where the change of Sen
weights does not change the regularity of the weights.

1.1.4. We also mention that, for such directions of changing the weights, Wu obtained in [Wu,
§3] general geometric results: the stack Xn of rank n (φ,ΓK)-modules at integral Hodge-Tate
weights h = (hi,σ) ∈ (Zn)ΣK are described using a “product formula” of the form (ifK = Qp)

(Xn)
∧
h
∼= (X)∧0 ×g/GLn g̃Ph

/GLn,

which then induces change of weights maps

fh,h′ : (Xn)
∧
h → (Xn)

∧
h′

and this can be formulated for non-integral weights using local models developed in [Wu22, Ch.
5]. Moreover, change of weights maps fh,h′ exist at arbitrary weights h when changing from h
to h′ does not increase the regularity, cf. [Wu, §1.3] for a discussion and [Wu, §3.3] for details.

Question. What can be said about the geometry of Xwu
n ?
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1.1.5. The change-of-weight operations are supposed to the kind of operations on the side of
p-adic Galois representations (or rather (φ,ΓK)-modules D) that correspond to the effect of
translation functor (as initially introduced in [JLS24]) on the side of locally analytic GLn(K)-
representations under a (hypothetical) p-adic locally analytic Langlands correspondenceD 7→
Πan(D). Roughly speaking, the change-of-weight operations and the translation functors are
meant to be related by a formula of the type

(1.1.2) Πan((change-of-weight operation)(D)) = (translation functor)(Πan(D)),

which has been shown in certain cases by [JLS24] and [Dina] for GL2(Qp). We also remark that
there are analogous statements in the local Langlands correspondence for real reductive groups
which relate operations on “L-parameters” (on the Galois side) with translation functors on
the corresponding representations of the reductive group, cf. [ABV92, 16.6].3

1.1.6. Relation with translation functor under Ding’s crystabelline correspondence. A class of
points of Xwu

n (E) are those non-critical crystabelline (φ,ΓK)-modules over RK,E. Recently,
for non-critical crystabelline (φ,ΓK)-modules D over RK,E of regular Hodge-Tate weights,
Ding constructed in [Din25] locally Qp-analytic representations πmin(D) ⊂ πfs(D) of GLn(K),
which are expected to occur as closed subrepresentations of the hypothetical Πan(D). They
are constructed as extensions of locally algebraic representations πalg(ϕ,h) by locally analytic
representations π(ϕ,h) that only depend on D[1/t] and the Hodge-Tate weights h. If K =
Qp, these extension classes can “recover the Hodge filtration” and hence determine D, cf.
[Din25, Theorem 3.34]. The pullbackD′ is a non-critical crystabelline (φ,ΓK)-submodule ofD
whenever this change of weights preserves the regularity. It is then natural to expect that under
π := πmin or πfs, pulling back fromD toD′ corresponds to translating from π(D) to π(D′). We
prove the expected intertwining (1.1.2) of the two kinds of weight-shifting operations:

Theorem B. Let D be a non-critical crystabelline (φ,ΓK)-module with regular Sen weights
h. Let pk(D) = fh,h′(D) be the (φ,ΓK)-submodule of D obtained by a sequence of pullback
operators pk =

∏
i,σ(pi,σ)

ki,σ such that its weights h′ are still regular. Let λ′ := h′ − θ and

λ := h−θ be the “automorphic weights” with θ := (0,−1, . . . ,−(n−1))σ∈ΣK
∈ (Zn)ΣK . Then,

T λ
′

λ (π•(D)) = π•(pk(D)) = π•(fh,h′(D))

as locally Qp-analytic representations of GLn(K), for • ∈ {min, fs}.

Since translation functors between regular weights are equivalences of categories, Theorem
B follows from various results in [Din25], [JLS24] and [Wu], with some additional work.

1.2. Structure of the paper. In §2, we recall basics of (φ,ΓK)-modules over affinoid algebras
and their cohomology, generalizing a pointwise result [Col08, Theorem 2.22(i)] to the affinoid
coefficients in Lemma 2.9(i), leading to Theorem 3.1 for trianguline families. In §3, we review
triangulations on generic crystabelline (φ,ΓK)-modules over fields, and observe that “gener-
ically, a trianguline (φ,ΓK)-module has a unique non-split triangulation.” In §4, we discuss
Wu’s change of weights maps in general and in the weight-uniform trianguline families (cf.
Theorem 4.10 = [Wu, Proposition 3.16], and Theorem 4.12 = Theorem A), which is followed
by a discussion on when étaleness can be preserved up to twist for local Artinian E-algebras
A ∈ CE of residue field E. Finally, §5 is devoted to Theorem B.

3Note that in [ABV92, 16.6] the objects on the Galois side are rather complete geometric parameters and on
the automorphic side these are called “final limit characters”.
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2. Preliminaries

2.0.1. Notations and conventions. Let K be a finite extension of Qp of ramification index e
and inertial degree f , with maximal unramified subfield K0 and a chosen uniformizer πK . Let
GK := Gal(K/K) be the absolute Galois group of K, WK be the Weil group of K, recK :

K× ∼−→ W ab
K be the local reciprocity map normalized by sending πK to a geometric Frobenius

element, and let ΣK be the set of all Qp-algebra embeddings of K into Qp. Let E be a finite

extension ofQp such that all theQp-algebra embeddings ofK intoQp factor through E, which
will be our coefficient field. We allow E to be enlarged at will.

Let RigE be the category of rigid E-analytic spaces, and AffE the category of affinoid E-
algebras. For X ∈ RigE, letRK,X be the relative Robba ring of K over X, and writeRK,A :=
RK,Sp(A) for affinoid A ∈ AffE. Let ΓK := Gal(K(µp∞)|K). For a review of (generalized)
(φ,ΓK)-modules D over the Robba ring RK,X , we refer the reader to [Ber17, §2.1]. For a
(φ,ΓK)-module D on X, and z ∈ X a rigid point, we write Dz := D ⊗OX

k(z) for the fiber
of D at z. Similarly, if δ : K× → Γ(X,OX)× is a locally Qp-analytic character, we write
δz : K

× → Γ(X,OX)× → k(z)× for the evaluation of δ at z ∈ X. The notation D = (Q− P )
is used to indicate that D is an extension of P by Q, and the notation D = (Q1 − · · · − Qr)
indicates that there exists an increasing filtration (Fili(D))0≤i≤r onD by subobjects such that
Fil0(D) = 0, Filr(D) = D, and Fili(D)/Fili−1(D) ∼= Qi for 1 ≤ i ≤ r.
We set N := Z≥0. By local class field theory, the p-adic cyclotomic character ε : GK → Z×

p

is equivalently given by

ε : K× −→ E×, x 7→ NK|Qp(x)|NK|Qp(x)|p ,

whichhasσ-Senweight+1 for allσ ∈ ΣK . For a [K : Qp]-tuple of integersk = (kσ)σ∈ΣK
∈ ZΣK ,

set tk :=
∏

σ∈ΣK
tkσσ ∈ RK,E, where tσ ∈ RK,E are the Lubin-Tate elements defined up to units

in [KPX14, Notation 6.2.7]. Let xσ be the embedding σ : K× → E× viewed as a character of
K×, and set xk :=

∏
σ∈ΣK

xkσσ . Then, the (φ,ΓK)-module tkRK,A
∼= RK,A(x

k) is free of rank 1
with σ-Sen weight kσ for each σ ∈ ΣK .

2.0.2. Extensions of (φ,ΓK)-modules. We recall certain operations on extensions of (φ,ΓK)-
modules and the induced linear maps on (φ,ΓK)-cohomology.

Definition 2.1. For k ∈ NΣK and (φ,ΓK)-modules D1, D2 over RK,A, there are two natural
A-linear maps between Yoneda Ext groups:

• pushing out along D1 ↪→ t−kD1 defines a map

ιk : Ext1(D2, D1) −→ Ext1(D2, t
−kD1),

• pulling back along tkD2 ↪→ D2 defines a map

pk : Ext1(D2, D1) −→ Ext1(tkD2, D1).
6



The following lemma shows that these two maps are related by the “twisting” isomorphism

xk : Ext1(D2, t
−kD1)

≃−→ Ext1(tkD2, D1)

induced by twisting by the character xk : K× → A×, so that xk ◦ ιk = pk.

Lemma 2.2. Let k = (kσ)σ ∈ NΣK and let

0→ D1
i−→ D

π−→ D2 → 0

be an exact sequence of (φ,ΓK)-modules overRK,A. Then, the pushout ιk(D) ofD alongD1 ↪→
t−kD1 and the pullback pk(D) of D along tkD2 ↪→ D2 are related by a commutative diagram

0 t−kD1 ιk(D) D2 0

0 D1 D D2 0

0 D1 pk(D) tkD2 0

i π

with exact rows and injective columns, from which we deduce pk(D) = tkιk(D) ∼= ιk(D)(xk).

Proof. Explicitly, pk(D) = π−1(tkD2), and ιk(D) = (t−kD1) ⊕D1 D is an amalgamated sum
over D1. By the first row, we see that tkιk(D) is a (φ,ΓK)-submodule of D[1/t] containing D1

with the associated quotient being tkD2, so it equals pk(D) by the third row. □

By Lemma 2.2, the pullback pk is injective/surjective/zero if and only if the pushout ιk is. We
recall the following cohomological interpretation of the extensions.

Lemma 2.3. Let D1, D2 be (φ,ΓK)-modules overRK,A. Then,

H1(D∨
2 ⊗D1) ∼= Ext1(D2, D1)

where H1 is computed using the Herr complex

C•(D) : D
(φ−1,γ−1)−−−−−−→ D ⊕D (γ−1)⊕(1−φ)−−−−−−−→ D

for D := D∨
2 ⊗D1

∼= HomRK,A
(D2, D1), where γ ∈ ΓK is a topological generator.

Proof. This is essentially [EG23, Lemma 5.1.2], but adapted to our convention and notation.
LetM be an extension of D2 by D1 as (φ,ΓK)-modules overR := RK,A given by

0→ D1
i−→M

π−→ D2 → 0.

It splits on the level of R-modules. We choose any R-linear section s : D2 → M , which is
unique up to an element h ∈ D = HomR(D2, D1). Using the section s, we can write

φM =

(
φD1 f ◦ φD2

φD2

)
and γM =

(
γD1 g ◦ γD2

γD2

)
for uniquely determined f, g ∈ HomR(D2, D1) = D since D2 has anR-basis in φ(D2).

That is, for any x ∈ D2, we have

f(φD2(x)) = (φM − s ◦ φD2 ◦ π)(s(x)) = φM(s(x))− s(φD2(x)) ∈ ker(π) = D1.
7



Similarly, since γ acts invertibly onR, we have

g = (γM − s ◦ γD2 ◦ π) ◦ s ◦ γ−1
D2

= γM ◦ s ◦ γ−1
D2
− s ∈ HomR(D2, D1).

The commutativity φM ◦ γM = γM ◦ φM is then equivalent to the equality

φD1gγD2 + fφD2γD2 = γD1fφD2 + gγD2φD2 ∈ HomR(D2, D1)

which, by precomposing with γ−1
D2

on D2, is equivalent to

φD1g − gφD2 = γD1fγ
−1
D2
φD2 − fφD2 .

By the definition of HomR(D1, D2) as (φ,ΓK)-module, this last displayed equation is the same
as (φD − 1).g = (γD − 1).f ∈ D, hence (f, g) ∈ ker((γ − 1)⊕ (1− φ)) is a 1-cocycle.
Modifying the section s by h ∈ D results in another 1-cocycle (f ′, g′) such that(

φD1 f ′ ◦ φD2

φD2

)
=

(
1 −h

1

)(
φD1 f ◦ φD2

φD2

)(
1 h

1

)
(and a similar identity involving g, g′, γD1 and γD2) which is equivalent to

f ′φD2 = fφD2 − hφD2 + φD1h (resp. g′ = g − h+ γD1hγ
−1
D2

).

Thus, f ′ = f + (φD − 1).h and g′ = g+ (γD − 1).h. So, (f ′, g′)− (f, g) is a 1-coboundary. □

Given Lemma 2.3, we see that ιk and pk induce the same map

H1(D) −→ H1(t−kD)

forD := D∨
2 ⊗D1, if we identify the codomainsH1(D∨

2 ⊗ t−kD1) ≃ H1((tkD2)
∨⊗D1) via x

k.

Example 2.4. WhenD2 = RQp , Lemma 2.3was proven byColmez [Col08, §2.1]: takeD2 = R
and D1 = R(δ); then the isomorphism

Ext1(φ,Γ)(R,R(δ))
≃−→ H1(δ)

given in [Col08, §2.1] is as follows: given an extensionM , let e ∈M be a lift of the vector 1 ∈ R,
and we associate toM (the class of) the 1-cocycle [(φM − 1)e, (γM − 1)e] ∈ R(δ)⊕R(δ). This
is the map constructed in Lemma 2.3. Indeed, we have s : 1 7→ e, φD2 = γD2 = id, so we deduce
f = φM(e)− e = (φM − 1)e. Likewise, g = (γM − 1)e, as desired.

2.0.3. We review some results on (φ,ΓK)-modules of rank 1 and their cohomology.

Theorem 2.5. For any (φ,ΓK)-moduleD of rank 1 over a rigid analytic spaceX, there exist a
unique continuous character δ : K× → Γ(X,OX)× and a unique up to isomorphism line bundle
L on X such that

RK,X(δ)⊗OX
L ∼= D.

In fact, the line bundle L is given by L = H0
φ,ΓK

(D(δ−1)) ∼= Homφ,ΓK
(RK,X(δ), D), and the

canonical map

RK,X(δ)⊗OX
H0
φ,ΓK

(D(δ−1)) −→ D

is an isomorphism.

Proof. This is [KPX14, Theorem 6.2.14]. For the definition of the (φ,ΓK)-moduleRK,X(δ) of
rank 1, see [KPX14, Construction 6.2.4]. □
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Definition 2.6. Let A be an affinoid E-algebra. Let δ : K× → A× be a continuous character,
which is automatically locally Qp-analytic by [Buz07, Proposition 8.3]. Then, its derivative at
1 defines aQp-linear map dδ : K → A, and hence anA-linear mapK ⊗Qp A→ A.Via the map

(2.0.1) K ⊗Qp A
∼−→
∏
σ∈ΣK

A, x⊗ y 7→ (σ(x)y)σ∈ΣK
,

we have an isomorphism

HomQp(K,A)
∼= HomA(K ⊗Qp A,A)

∼= HomA(
∏
σ∈ΣK

A,A) = AΣK .

The image of dδ is a [K : Qp]-tuple wt(δ) := (wtσ(δ))σ∈ΣK
∈ AΣK , which we call the weight

of the character δ. We also call wtσ(δ) the σ-weight of δ. By [KPX14, Lemma 6.2.12], for any
continuous character δ : K× → A×, the (σ-)Sen weight ofRK,A(δ) is the (σ-)weight of δ.

Lemma 2.7. Let δ : K× → E× be a continuous character.

(i) For k ∈ NΣK , if wtσ(δ) /∈ {1, . . . , kσ} for each σ ∈ ΣK, then

ιk : H1(δ)→ H1(x−kδ)

is an isomorphism.
(ii) We have

• dimE H
0(δ) =

{
1 if δ = x−k for some k ∈ NΣK ,

0 otherwise.

• dimE H
2(δ) =

{
1 if δ =

(
NK|Qp |NK|Qp |p

)
xk for some k ∈ NΣK ,

0 otherwise.

• dimE H
1(δ) =

{
[K : Qp] + 1 if either H0 or H2 does not vanish,

[K : Qp] otherwise.

(iii) Any nonzero (φ,ΓK)-submodule of RK,E(δ) must be of the form tkRK,E(δ) for some k ∈
NΣK .

Proof. The first statement is [BHS19, Lemma 3.3.3], the second statement is [KPX14, Propo-
sition 6.2.8], and the third statement is [KPX14, Corollary 6.2.9]. □

Definition 2.8. Let T denote the rigid analytic space of continuous characters of K×. Let
Twreg denote the open

4 complement in T to the points{(
NK|Qp |NK|Qp |p

)
xk
∣∣k ∈ NΣK

}
,

and let Treg denote the open complement in T to the points{
x−k,

(
NK|Qp |NK|Qp |p

)
xk
∣∣k ∈ NΣK

}
.

4Observe that any subset Z of
{
x−k,

(
NK|Qp

|NK|Qp
|p
)
xk
∣∣k ∈ NΣK

}
is closed in T since Z is locally finite,

i.e., for any affinoid subdomain U = Sp(A) of T , U ∩ Z is a finite set of rigid points, and hence closed. If Z
is finite, then there is nothing to show. Assume that Z is infinite. Evaluation at πK ∈ K× of the universal
character δunivA : K× → Γ(U,OU )

× = A× gives rise to a unit f := δunivA (πK) ∈ A×. By the maximum principle
[Bos14, Theorem 3.1/15] applied to both f−1 and f , there exists C > 0 such that C−1 ≤ |f(z)| ≤ C for every
rigid point z ∈ Sp(A). However, since Z is infinite, the p-adic valuations of its elements evaluated at πK are
clearly unbounded. So, U ∩ Z is a finite subset of Z, and Z is locally finite.
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For n ≥ 1, we denote by T nwreg (resp. T nreg) the open subspace of T n consisting of characters
δ = (δ1, . . . , δn) such that δi/δj ∈ Twreg (resp. δi/δj ∈ Treg) for all 1 ≤ i ̸= j ≤ n.

Lemma 2.9. Let δ : K× → A× be a continuous character. For z ∈ Sp(A) corresponding to a
maximal ideal mz ⊂ A, let δz : K

× → A× ↠ k(z)× denote the mod-mz reduction of δ.

(i) For k ∈ NΣK , if wtσ(δz) /∈ {1, . . . , kσ} for each σ ∈ ΣK and for all z ∈ Sp(A), then

ιk : H1(δ)→ H1(x−kδ)

is an isomorphism.
(ii) If δ ∈ Twreg(A), then H

2(δ) = 0, and H1(δ)⊗A k(z) ∼= H1(δz) for all z ∈ Sp(A).
(iii) If δ ∈ Treg(A), then H1(δ) is locally free of rank [K : Qp] over A and H0(δ) = H2(δ) = 0.

Moreover, H i(δ)⊗A k(z) ∼= H i(δz) for all i ∈ {0, 1, 2} and z ∈ Sp(A).

Proof. By [KPX14, Corollary 6.3.3], for any (φ,ΓK)-module D over RK,A and any σ ∈ ΣK ,
H i(D) and H i(D/tσ) are finitely generated A-modules; moreover, they are the cohomology of
complexes of finite projective A-modules concentrated in degrees [0, 2]. So, as in [Stacks, Tag
061Z], we have the base change spectral sequence

(2.0.2) Ej,−i
2 = TorAi

(
Hj
φ,Γ(♡), k(z)

)
⇒ Hj−i

φ,Γ (♡⊗A k(z))

for ♡ ∈ {D,D/tσ}. As the (φ,ΓK)-cohomology are concentrated in [0, 2], from (2.0.2) we see

(2.0.3) H2(♡)⊗A k(z)
∼−→ H2(♡z)

is an isomorphism for every z ∈ Sp(A).

(i) Since ιk is induced byRK,A(δ) ↪→ t−kRK,A(δ) = RK,A(x
−kδ), which factors as

RK,A ⊂ t−1
σ1
RK,A ⊂ · · · ⊂ t

−kσ1
σ1 RK,A ⊂ t−1

σ2
t
−kσ1
σ1 RK,A ⊂ · · · ⊂ t

−kσ2
σ2 t

−kσ1
σ1 RK,A ⊂ · · · ⊂ t−kRK,A

where we enumerate ΣK = {σ1, σ2, . . . , σ[K:Qp]}, it suffices to prove that if wtσ(δz) ̸= 1 for
all z ∈ Sp(A), then ισ : H1(δ)→ H1(x−1

σ δ) is an isomorphism.
By the long exact sequence in cohomology attached to the exact sequence

0→ RK,A(δ)→ t−1
σ RK,A(δ)→ t−1

σ RK,A(δ)/RK,A(δ)→ 0,

it suffices to show the vanishing of H0 and H1 of t−1
σ RK,A(δ)/RK,A(δ).

For each z ∈ Sp(A), the fiber t−1
σ RK,k(z)(δz)/RK,k(z)(δz) has vanishing H

2 by [Liu08,
Theorem 3.7(ii)] since it is a torsion (φ,ΓK)-module. By base change (2.0.3) and that

t−1
σ RK,A(δ)/RK,A(δ) ∼= RK,A(δ)/tσRK,A(δ)

has coherent cohomology, we haveH2(t−1
σ RK,A(δ)/RK,A(δ)) = 0 by Nakayama’s lemma.

From the spectral sequence (2.0.2), we see that for all z ∈ Sp(A)

H1(t−1
σ RK,A(δ)/RK,A(δ))⊗A k(z) ∼= H1(t−1

σ RK,k(z)(δz)/RK,k(z)(δz))

which is zero since dimk(z)H
0(t−1

σ RK,k(z)(δz)/RK,k(z)(δz)) = 0 by [Nak09, Lemma 2.16]
and dimk(z)H

0(t−1
σ RK,k(z)(δz)/RK,k(z)(δz)) = dimk(z)H

1(t−1
σ RK,k(z)(δz)/RK,k(z)(δz)) by

Euler-Poincare formula [Liu08, Theorem 4.3] and vanishing ofH2. Again by Nakayama’s
lemma, we deduce the vanishing of H1 and hence from the spectral sequence (2.0.2)

H0(t−1
σ RK,A(δ)/RK,A(δ))⊗A k(z) ∼= H0(t−1

σ RK,k(z)(δz)/RK,k(z)(δz))

from which we deduce the vanishing of H0 by Nakayama’s lemma.
10
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(ii) For δ ∈ Twreg(A), δz : K× → k(z)× does not belong to
{(
NK|Qp |NK|Qp|p

)
xk
∣∣k ∈ NΣK

}
for every z ∈ Sp(A), which implies thatH2(δz) = H2(δ)⊗A k(z) = 0 for each z ∈ Sp(A)
by (2.0.3) and Lemma 2.7(ii). By Nakayama’s lemma, H2(δ) = 0. Hence, (2.0.2) shows

H1(RK,A(δ))⊗A k(z) ∼= H1(RK,k(z)(δz))

for all z ∈ Sp(A).
(iii) This is [HS16, Proposition 2.3]. □

2.0.4. LetD be a (φ,ΓK)-module of rank n overRK,A for affinoidA equipped with a filtration

Fil•(D) : Fil0(D) = 0 ⊊ Fil1(D) ⊊ · · · ⊊ Filn(D) = D

by saturated (φ,ΓK)-submodulesFili(D) such that gri(Fil•(D)) := Fili(D)/Fili−1(D) is locally
free of rank 1 over RK,A for 1 ≤ i ≤ d. By Theorem 2.5, there exists a unique continuous
character δi : K

× → A× such that for the line bundle Li := Homφ,ΓK
(RK,A(δi), gr

i(Fil•(D)))
the canonical map

RK,A(δi)⊗A Li −→ gri(Fil•(D))

is an isomorphism. In this case, we say D is trianguline, the filtration Fil•(D) is a triangu-
lation of D, and δ = (δi)1≤i≤n is the parameter of (D,Fil•(D)).
If the triangulation onD is clear, we writeDi := Fili(D) andDi := D/Filn−i(D) so that the

ranks of the subobject Di and the quotient Di are always i, for 1 ≤ i ≤ n.

2.0.5. We discuss various notions of “non-split” for (φ,ΓK)-modules overRK,A.

Definition 2.10. (i) Given a (φ,ΓK)-module D overRK,A with triangulation Fil•(D), if5

(2.0.4) 0→ Fili−1(Dz)→ Fili(Dz)→ R(δi,z)→ 0

are non-split as (φ,ΓK)-modules for all 2 ≤ i ≤ n and all rigid points z of Sp(A), then
(D,Fil•(D)) is called non-split.

(ii) Given a (φ,ΓK)-module D overRK,A with triangulation Fil•(D), if the exact sequences

(2.0.5) 0→ R(δi−1,z) ∼= Fili−1(Dz)/Fil
i−2(Dz)→ Fili(Dz)/Fil

i−2(Dz)→ R(δi,z)→ 0

are non-split as (φ,ΓK)-modules for all 2 ≤ i ≤ n and all rigid points z of Sp(A), then
(D,Fil•(D)) is called strongly non-split.

If (D,Fil•(D)) is strongly non-split, then it is non-split, cf. Remark 2.11(i). But the converse
is false when the rank of D is at least 3, and a rank-3 counterexample is given in Remark 3.6.

Remark 2.11. (i) If (D,Fil•(D)) is non-split (2.0.4) or strongly non-split (2.0.5), then

0→ Fili(D)→ D → D/Fili(D)→ 0

is a non-split extension of (φ,ΓK)-modules, for all 1 ≤ i ≤ n− 1.
(ii) IfD ∈ Ext1(D2, D1) is a non-split extension of trianguline (φ,ΓK)-modules (Di,Fil

•(Di))
of rank ri for i = 1, 2, then (D,Fil•(D)) need not be non-split in the sense of (2.0.4), where
Fil•(D) is the triangulation on D induced by Fil•(D1) and Fil•(D2).

5In this definition, we do not need to write the line bundles Li ⊗A k(z) because there are no nontrivial line
bundles over the point Sp(k(z)).
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Proof. (i) The image of

0→ Fili(D)→ D → D/Fili(D)→ 0

under the linear map

Ext1(D/Fili(D),Fili(D))
Fili+1/Fili(D)⊂D/Fili(D)−−−−−−−−−−−−−−−→

pullback
Ext1(δi+1,Fil

i(D))

is the extension 0→ Fili(D)→ Fili+1(D)→ R(δi+1)→ 0 in (2.0.4). So,

0→ Fili(D)→ D → D/Fili(D)→ 0

is non-split if (D,Fil•(D)) is non-split. Moreover, the image of this pullback extension

0→ Fili(D)→ Fili+1(D)→ R(δi+1)→ 0

under the linear map

Ext1(δi+1,Fil
i(D))

Fili(D)↠Fili(D)/Fili−1(D)−−−−−−−−−−−−−−−→
pushforward

Ext1(δi+1, δi)

is the extension 0→ R(δi)→ Fili+1(D)/Fili−1(D)→ R(δi+1)→ 0 in (2.0.5). So, we see
that “strongly non-split” implies “non-split”, and that

0→ Fili(D)→ D → D/Fili(D)→ 0

is non-split if (D,Fil•(D)) is strongly non-split.
(ii) We give a counterexample for n = 3 and R = RQp,E. Consider D1 = R(δ1) and D2 =

(R(δ2)−R(δ3)) the unique non-split extension with δ1 = x, δ2 = |x|x and δ3 = 1. From
the short exact sequence

0→ R(δ2)→ D2 → R(δ3)→ 0,

we consider a segment of the associated long exact sequence

H0
φ,Γ(δ1δ

−1
2 )→ H1

φ,Γ(δ1δ
−1
3 )→ H1

φ,Γ(D
∨
2 (δ1))→ H1

φ,Γ(δ1δ
−1
2 )→ H2

φ,Γ(δ1δ
−1
3 ),

and the maps between the H1’s are pullbacks. By Lemma 2.7(ii), this sequence becomes
0 → E → E2 → E → 0, which in concrete terms means that if we take the non-split
extension of R(δ3) by R(δ1), and pullback along D2 ↠ R(δ3), then we get a non-split
extension D of R(δ3) by D1 whose pullback along R(δ2) ↪→ D2 is a split extension of
R(δ2) by R(δ1), which is Fil2(D). Hence, although D is non-split as an extension of D2

by D1, it is not non-split in the sense of (2.0.4). □

3. Triangulations on (φ,ΓK)-modules

Theorem 3.1. Let (D,Fil•(D)) be trianguline with parameters (δ1, . . . , δn) : (K×)n → A×

overRK,A. For any fixed k ∈ NΣK and i ∈ {1, . . . , n}, suppose that
wtσ(δj,z/δℓ,z) /∈ {1, . . . , kσ}

for all 1 ≤ j ≤ n− i, n− i+ 1 ≤ ℓ ≤ n, for all σ ∈ ΣK and for all z ∈ Sp(A). Then

pk : Ext1(D/Filn−i(D),Filn−i(D)) −→ Ext1(tk(D/Filn−i(D)),Filn−i(D))

is an isomorphism.
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Proof. By induction on k it suffices to prove the statement for a fixed σ ∈ ΣK with kσ = 1 and
kτ = 0 for all τ ∈ ΣK \ {σ}, under the assumption that wtσ(δj,z/δℓ,z) ̸= 1 for j ≤ n− i < ℓ.
Recall our notation that Dn−i := Filn−i(D) and Di := D/Filn−i(D). By Theorem 2.5, D

is a successive extension of rank 1 (φ,ΓK)-modules grm(Fil
•(D)) ∼= RK,A(δm)⊗̂ALm for some

line bundles Lm over A. There is a finite admissible cover {Sp(Aν)}rν=1 of Sp(A) trivializing
them. SinceH∗

φ,ΓK
commutes with flat base change by [KPX14, Theorem 4.4.3(2)], passing to

Sp(Aν) we may assume that the line bundles Lm are all trivial.
After the reductions above, we show that

pi,σ : Ext1(Di, Dn−i) ∼= H1(Di∨ ⊗Dn−i)→ Ext1(tσD
i, Dn−i) ∼= H1(t−1

σ (Di∨ ⊗Dn−i))

is bijective, where we have by assumption that

Dn−i = (RK,A(δ1)− · · · − RK,A(δn−i)) and Di = (RK,A(δn−i+1)− · · · − RK,A(δn)).

Thus, puttingM := Di∨ ⊗Dn−i, we see thatM is trianguline overRK,A with parameters{
δjδ

−1
ℓ

∣∣1 ≤ j ≤ n− i and n− i+ 1 ≤ ℓ ≤ n
}
.

Note that wtσ(δjδ
−1
ℓ ) ̸= 1 for these parameters by the assumption. By the short exact sequence

0→M → t−1
σ M → t−1

σ M/M → 0,

it is enough to establish the vanishing of H i(t−1
σ M/M) as coherent sheaves for i = 0, 1, 2.

This follows from a dévissage argument on the above triangulation on M , using the proof
of Lemma 2.9(i). Indeed, we know thatM = (RK,A(η1) − · · · − RK,A(ηm)) of parameters ηs
whose weights are not 1 at all z ∈ Sp(A), so that

t−1
σ M/M ∼= M/tσ = (RK,A(η1)/tσ − · · · − RK,A(ηm)/tσ).

We induct on the rank of M to show the vanishing of cohomologies of M/tσ. The base case
wherem = 1 was shown in the proof of Lemma 2.9(i). Form ≥ 2, we have

· · · → H i(RK,A(η1)/tσ)→ H i(M/tσ)→ H i((M/RK,A(η1))/tσ)→ . . .

from which we know H i(M/tσ) = 0 by the induction hypothesis. □

3.1. Very generic case.

Definition 3.2. Let (D,Fil•(D)) be a trianguline (φ,Γ)-module over RK,E with parameter
δ = (δ1, . . . , δn) and Sen weights (hi,σ)i,σ ∈ (En)ΣK , where hi,σ := wtσ(δi). We say that D is
very generic if for each σ ∈ ΣK , hi,σ − hj,σ /∈ Z for all i ̸= j.

Definition 3.3. Let T n◦ be the open subspace of T n such that for A ∈ AffE, T n◦ (A) is the set
of all the continuous A×-valued characters of (K×)n

δ = (δ1, . . . , δn) : (K
×)n → A×

satisfying wtσ(δi,z/δj,z) /∈ Z≥1 for all 1 ≤ i < j ≤ n, all σ ∈ ΣK , and all z ∈ Sp(A).

Proposition 3.4. For trianguline (φ,ΓK)-module (D,Fil•(D)) of parameters δ = (δi)1≤i≤n ∈
T n◦ (E) overRK,E and a fixed index i ∈ {1, . . . , n}, suppose
(a). Filn−i(D) with the induced triangulation is strongly non-split, and
(b). D/Filn−i−1(D) with the induced triangulation is non-split.

Then, for each 1 ≤ j ≤ n− i, Filj(D) is the unique saturated (φ,ΓK)-submodule ofD of rank j.
13



Proof. Note that similar to Remark 2.11, (a) and (b) imply that (D,Fil•(D)) is non-split.
We proceed by induction. Let D′ be a saturated (φ,ΓK)-submodule of D. We claim that

D′ contains Fil1(D). Indeed, letm be the largest integer such that Film−1(D) ∩D′ = 0. Then
D′∩Film(D) is anRK,E-submodule ofD′ stable under the (φ,ΓK)-action such that the quotient
D′/(D′ ∩ Film(D)) is torsion-free as it injects into D/Film(D). As

RK,E ≃
∏

τ :K0↪→E

RK,Qp ⊗K0,τ E

is a product of Bézout domains on which φ acts transitively, it follows from the torsion-freeness
that D′ ∩ Film(D) is free overRK,E (cf. [Ber17, §2.6]) and hence is a (φ,ΓK)-module.
Now if m > 1, then D′ ∩ Film(D) is a nonzero (φ,ΓK)-submodule of Film(D) injecting to

the quotient Film(D)/Film−1(D) ∼= RK,E(δm), which is of the form tkR(δm) = RK,E(x
kδm) for

some k ∈ NΣK by Lemma 2.7(iii). Then, Film(D) contains the split (φ,ΓK)-submodule

Film−1(D)⊕ (D′ ∩ Film(D)) ∼= Film−1(D)⊕ tkRK,E(δm)

which is the image of Film(D) under the pullback map

pk : Ext1(δm,Fil
m−1(D))→ Ext1(tkδm,Fil

m−1(D))

which is bijective by Theorem 3.1, contrary to our assumptions (a) and (b). Hence, m = 1.
Since D′ ∩ Fil1(D) = D′ ∩ RK,E(δ1) is nonzero and saturated in RK,E(δ1), we conclude that
D′ ∩ Fil1(D) = RK,E(δ1) = Fil1(D).

In particular, Fil1(D) is the unique saturated (φ,ΓK)-submodule of rank 1 of D. If n− i >
1, we pass to the quotient by Fil1(D) and claim that every saturated (φ,ΓK)-submodule of
D/Fil1(D) contains Fil2(D)/Fil1(D). By (a) and (b), D/Fil1(D) with its induced filtration is
non-split and satisfies the analogous (a) and (b), so the argument above works. We can iterate
this argument until n− i, hence the conclusion. □

Corollary 3.5. Let (D,Fil•(D)) be strongly non-split of parameters δ ∈ T n◦ (E) over RK,E.
Then, any saturated (φ,ΓK)-submoduleD′ ofD satisfies thatD′ = Fili(D) for some 0 ≤ i ≤ n.
In particular, the given triangulation Fil•(D) is the unique triangulation of D.

Proof. This follows from Proposition 3.4 by taking i = 1. □

Remark 3.6. One cannot expect the uniqueness result for (φ,ΓK)-module (D,Fil•(D)) that
is non-split with parameters in T n◦ (E) without the strongly non-split assumption. Indeed, for
regular characters (δ1, δ2, δ3) ∈ T 3

reg(E) ∩ T 3
◦ (E), we have an exact sequence

0→ Ext1(δ3, δ1) = E → Ext1(δ3, (δ1 − δ2)) = E2 → Ext1(δ3, δ2) = E → 0

where (δ1 − δ2) denotes the non-split extension of R(δ2) by R(δ1). The image of any nonzero
class ofExt1(δ3, δ1) inExt

1(δ3, (δ1−δ2)) is a trianguline (φ,ΓK)-module (D,Fil•(D), (δ1, δ2, δ3))
that is non-split in the sense of (2.0.4), but D/Fil1(D) is a split extension of δ2 by δ3. So, D
has another triangulation whose parameter is (δ1, δ3, δ2).

3.2. Crystabelline case. Wediscuss triangulations on a class of trianguline (φ,ΓK)-modules
that is closer to p-adic Hodge theory. Recall that we have Fontaine’s functorsDcris, DdR defined
for (φ,ΓK)-modules as well, cf. [HS16, Definition 2.5] or [Nak13, Definition 2.3].
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Definition 3.7. A (φ,ΓK)-moduleD overRK,E is crystabelline if there exists a finite abelian
extension L/K such thatRL,E ⊗RK,E

D is crystalline, i.e., the (L0 ⊗Qp E)-rank of

DL
cris(D) := (RL,E ⊗RK,E

D)[1/t]ΓL

is equal to rankRK,E
(D).

As we describe below, one can understand this class of (φ,ΓK)-modules in terms of simpler
semilinear algebra and descent data.

Definition 3.8 ([Nak13, Definition 2.4]). Let L be a finite Galois extension of K with Galois
group G(L/K). We say that D is an E-filtered (φ,G(L/K))-module over K if

(i) D is a finite free (L0 ⊗Qp E)-module with a Frobenius semilinear operator φ : D
≃−→ D,

and a semilinear action by G(L/K) that commutes with φ.
(ii) DL := (L ⊗L0 D) has a separated and exhaustive descending filtration (Fili(DL))i∈Z by

G(L/K)-stable (L⊗Qp E)-submodules Fili(DL).

An (L0 ⊗Qp E)-module D satisfying (i) will be called a (φ,G(L/K))-module over K.

Remark 3.9. (i) For a (φ,G(L/K))-module D as in Definition 3.8, we have

L⊗K (DL)
G(L/K) ∼−→ DL

by Galois descent, and we writeDK := (DL)
G(L/K). Then, a filtration byG(L/K)-stable

L ⊗Qp E-submodules on DL gives rise by taking invariants (−)G(L/K) to a filtration by
K ⊗Qp E-submodules on DK . Conversely, a filtration by K ⊗Qp E-submodules on DK

gives rise by base change L⊗K (−) to a filtration byG(L/K)-stable L⊗Qp E-submodules
on DL. Via (2.0.1), DK

∼=
∏

σ∈ΣK
DK,σ decomposes into a product of E-vector spaces

DK,σ, and any filtration FilrDK =
∏

σ∈ΣK
FiliDdR,σ also decomposes into a product of

filtrations by E-vector spaces on each σ-component DK,σ.
(ii) For a crystabelline (φ,ΓK)-moduleD overRK,E that becomes crystalline overL,DL

cris(D)
has the structure of an E-filtered (φ,G(L/K))-module whose G(L/K)-stable filtration
on L⊗L0 D

L
cris(D) is induced by the comparison isomorphism

L⊗L0 D
L
cris(D)

≃−→ L⊗K DdR(D),

where (L ⊗L0 D
L
cris(D))G(L/K) ∼= DdR(D) has the Hodge filtration {Fili(DdR(D))}i∈Z by

K ⊗Qp E-submodules, cf. [HS16, Definition 2.5]. Via (2.0.1), we have

DdR(D) =
∏
σ∈ΣK

DdR(D)σ and Fili(DdR(D)) =
∏
σ∈ΣK

Fili(DdR(D)σ),

such that the jumps in the filtration
∏

σ∈ΣK
Fili(DdR(D)σ) by E-vector spaces are given

by (−1) · (σ-Sen weights of D), cf. [KPX14, Definition 6.2.5].

Theorem 3.10. Let L be a finite Galois extension of K.

(i) The functor D 7→ DL
cris(D) induces a ⊗-equivalence of categories from (φ,ΓK)-modules

overRK,E that become crystalline over L toE-filtered (φ,G(L/K))-modules overK. The
saturated submodules of D correspond to (φ,G(L/K))-submodules of DL

cris(D) with their
filtrations induced by the Hodge filtration on DL

cris(D).
15



(ii) Let L0 be the maximal unramified subfield of L, and assume thatE contains allQp-algebra

embeddings of L0 into Qp. For any free (L0 ⊗Qp E)-module D of rank n, we canonically
have D =

∏
σ:L0↪→E Dσ, where each Dσ is an E-vector space of rank n. Fix an embedding

σ0 : L0 ↪→ E. There is an equivalence of categories from the category of (φ,G(L/K))-
modulesD overK to the category of representations (r, V ) of the Weil groupWK ofK on
finite dimensional E-vector spaces such that r is unramified when restricted to the Weil
groupWL of L. On the underlying modules, this equivalence is given by D 7→ V := Dσ0.
The action r(w), for w ∈ WK, on V is the σ0-component of the (L0 ⊗Qp E)-linear map

r(w) := w ◦ φ−α(w) : D → D, where α(w) ∈ fZ is the unique integer such that the image

of w inGal(Fp/Fp) is given by x 7→ xp
α(w)

, and w ∈ Gal(L/K) is the restriction of w to L.

Proof. (i) is [Nak13, Theorem 2.5] and [Ber17, Proposition 3.3(a)]. Also see [Ber08b].
(ii) is the special case of [BS07, Proposition 4.1] when the monodromy operator N = 0. □

Definition 3.11. (i) A crystabelline (φ,ΓK)-moduleD is generic if theWK-representation
associated to the (φ,G(L/K))-moduleDL

cris(D) is a direct sum of characters ϕ1, . . . , ϕn of
WK that are trivial on IL such that if ϕ1, . . . , ϕn are viewed as smooth characters of K×

via the local reciprocity map, then ϕi/ϕj /∈ {1, | · |−1
K , | · |K} for all i ̸= j, cf. [Din25, §2.1].

(ii) For a crystabelline generic (φ,ΓK)-moduleD as in (i), a refinement ofD is an ordering
of the n characters ϕ1, . . . , ϕn appearing in the associatedWeil representation. If we fix an
ordering ϕ1, . . . , ϕn, then all the refinements are indexed by elements of Sn, wherew ∈ Sn
corresponds to the ordering ϕw(1), . . . , ϕw(n).

(iii) To each refinement w ∈ Sn of D as in (ii), we associate a triangulation Fil•w(D) on D by
requiring that Filiw(D) corresponds to the (φ,G(L/K))-submodule ofDL

cris(D), equipped
with the induced filtration, whose associatedWeil representation is the subrepresentation⊕

1≤j≤i ϕw(j) of
⊕n

j=1 ϕj under the two equivalences recalled in Theorem 3.10, for all i.

Remark 3.12. Following Definition 3.11(iii) and Remark 3.9, under the identifications (L⊗L0

DL
cris(D))G(L/K) = DdR(D) andDdR(D) =

∏
σ∈ΣK

DdR(D)σ, we recall the relationship between

refinements ofDL
cris(D) and the jumps in the induced Hodge filtration Fil•(DdR(Fil

i
w(D))σ) for

1 ≤ i ≤ n andσ ∈ ΣK . Let prσ : DdR(D)→ DdR(D)σ be the projection onto theσ-component.
For each factorϕj of theWK-representation

⊕n
j=1 ϕj, letMj be the corresponding (φ,G(L/K))-

submodule ofDL
cris(D) of rank 1. Via the construction (prσ) ◦ (L⊗L0 (−))

G(L/K),Mj gives rise
to a 1-dimensional E-subspace of DdR(D)σ, and we choose a basis ej,σ. For each refinement
w ∈ Sn, let Fw• := (0 ⊂ Fw1 ⊂ · · · ⊂ Fwn = DL

cris(D)) be the complete (φ,G(L/K))-stable
flag on DL

cris(D) corresponding to the triangulation Fil•w(D). Then, Fwi = ⊕ij=1Mw(j), and via

the construction (prσ) ◦ (L⊗L0 (−))
G(L/K), Fwi gives rise to anE-subspaceFw•,σ ⊂ DdR(D)σ of

dimension iwith a basis
(
ew(1),σ, . . . , ew(i),σ

)
. We also have the flag Fil•(DdR(D)σ) coming from

the Hodge filtration. The “relative position” of Fil•(DdR(D)σ) and Fw•,σ gives us an element
wσ ∈ Sn, which is determined by the condition that if the jumps of the σ-Hodge filtration on
Fwn,σ = DdR(D)σ are given by {−h1,σ < · · · < −hn,σ}, then the induced σ-Hodge filtration on
Fwi has jumps at {−hw−1

σ (j),σ|1 ≤ j ≤ i}. Thus, the ordering of σ-Sen weights induced by the

triangulation Fil•w(D) is {hw−1
σ (1),σ, . . . , hw−1

σ (n),σ}. We say that the flags Fil•(DdR(D)) and Fw•
are of relative position w = (wσ)σ ∈ SΣK

n . Then, D is non-critical if and only if the two flags
are of relative position id ∈ SΣK

n .
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Definition 3.13. Let h = (h1,σ ≥ · · · ≥ hn,σ)σ ∈ (Zn)ΣK be the Sen weights of a crystabelline
generic (φ,ΓK)-module D of rank n.

(i) We say h is regular if h1,σ > · · · > hn,σ for each σ ∈ ΣK .
(ii) A refinement of the crystabelline generic (φ,ΓK)-module D

w(ϕ) = (ϕw(1), . . . , ϕw(n)), for w ∈ Sn,
is non-critical if the σ-Sen weights of Filiw(D) are (h1,σ ≥ · · · ≥ hi,σ) for all 1 ≤ i ≤ n
and σ ∈ ΣK . We call a refinement ofD critical if it is not non-critical. Then,D is called
non-critical if all its refinements are non-critical, and is called critical if at least one of
its refinements is critical.

Denote by ΦΓnc(ϕ,h) the class of all crystabelline non-critical (φ,ΓK)-modules of rank n over
RK,E with associatedWK-representation ϕ =

⊕n
i=1 ϕi and Sen weights h.

Proposition 3.14. Let D be a crystabelline generic (φ,ΓK)-module of rank n over RK,E that
is crystalline over a finite abelian extension L/K, with Weil representation ϕ =

⊕n
i=1 ϕi and

Sen weights h = (h1,σ ≥ · · · ≥ hn,σ)σ∈ΣK
. Then, D is trianguline and has n! triangulations

Fil•w(D) : 0 ⊊ Fil1w(D) ⊊ · · · ⊊ Filnw(D) = D,

which are indexed by refinements w ∈ Sn, and are of parameters δw = (δw,1, . . . , δw,n) with

δw,i =

( ∏
σ∈ΣK

x
kwi,σ
σ

)
ϕw(i)

for some integer kwi,σ ∈ Z such that {h1,σ, . . . , hn,σ} = {kw1,σ, . . . , kwn,σ} as sets, for all σ. More-
over, D is non-critical if and only if kwi,σ = hi,σ, for all 1 ≤ i ≤ n, w ∈ Sn, and σ ∈ ΣK.

Proof. The last assertion would follow from the previous assertions and the definition of non-
critical. The genericity of D implies that there are n! complete flags consisting of subobjects
in the Weil representation

⊕n
i=1 ϕi attached to D. By the equivalences in Theorem 3.10, the

flags give rise to n! distinct triangulations on D, indexed by permutations w ∈ Sn of the set
{ϕ1, . . . , ϕn}. It remains to show that the triangulation parameters are of the forms given in the
statement. Since the property of being crystabelline is stable under taking subquotients, by
considering Filiw(D)/Fili−1

w (D) we are reduced to showing the following claim on crystabelline
(φ,ΓK)-modules of rank 1: ifRK,E(δ) is a crystabelline (φ,ΓK)-module of rank 1 that becomes

crystalline over L, then δ = δ̃
∏

σ∈ΣK
(xkσσ ) for a smooth character δ̃ : K× → E× and kσ ∈ Z,

and theWK-representation ϕ attached to the (φ,G(L/K))-moduleDL
cris(RK,E(δ)) is δ̃ ◦ rec−1

K .
By construction, the WK-representation ϕ on E-vector spaces is independent of the choice

of L over which RK,E(δ) becomes crystalline. Observe that any crystabelline (φ,ΓK)-module
M becomes crystalline over a totally ramified abelian extension L/K. For this observation, we
can prove it for the B-pairW = (We,W

+
dR) associated toM in [Nak09, §1.3], sinceDL

cris(M) =
DL

cris(W ) by [Ber08a, Proposition 2.3.4]. By local class field theory, there are m ∈ Z≥1 and
a finite unramified extension L′/K such that L ⊂ Km.L

′, where Km is the m-th Lubin-Tate
extension ofK. We have the short exact sequence of Galois groups

1→ GKm.L′ → GKm → Gal(Km.L
′/Km)→ 1.

Since L ⊂ Km.L
′, it follows that GKm.L′ ⊂ GL, andM becomes crystalline overKm.L

′. Then,

DKm.L′

cris (W ) := (Bmax ⊗Be We)
GKm.L′ ∼= DKm.L′

cris (M)
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is a semilinear Gal(Km.L
′/Km)-module over (Km.L

′)0 = L′
0. By Galois descent, we have

DKm
cris (W )⊗(Km)0 (Km.L

′)0 = (Bmax⊗BeWe)
GKm⊗K0L

′
0

≃−→ (Bmax⊗BeWe)
GKm.L′ = DKm.L′

cris (W ),

which shows that D becomes crystalline over Km. Hence, from now on we may take L = Km

form≫ 0, which is totally ramified overK, in our proof of the claim.

Since RK,E(δ) is crystabelline, δ = δ̃
∏

σ∈ΣK
(xkσσ ) for some smooth character δ̃ : K× → E×

and integers kσ ∈ Z by [Nak09, Lemma 4.1]. We need to show that the Weil representation ϕ

attached to DKm
cris (RK,E(δ)) is δ̃ ◦ rec−1

K . Let Gm := Gal(Km/K) and write δ̃ = δ̃unr.δ̃wt so that

δ̃unr(πK) = δ̃(πK) and δ̃
wt|O×

K
= δ̃|O×

K
. We firstly compute the (φ,Gm)-module DKm

cris (RK,E(δ))

by Theorem 3.10(i), and then compute its Weil representation by Theorem 3.10(ii). We have

DKm
cris (RK,E(δ)) = DKm

cris (RK,E(δ̃
wt))⊗K0⊗QpE

DKm
cris (RK,E(δ̃

unr
∏
σ∈ΣK

xkσσ )).

By (Km)0 = K0 and applying toRK,E(δ̃
unr
∏

σ∈ΣK
xkσσ ) [KPX14, Example 6.2.6(3)], we have

DKm
cris (RK,E(δ̃

unr
∏
σ∈ΣK

xkσσ )) = (Km)0 ⊗K0 Dcris(RK,E(δ̃
unr

∏
σ∈ΣK

xkσσ )),

whereG(Km/K) acts trivially, and as a φ-module, it is the free (K0⊗Qp E)-moduleDf,δ̃(πK) of

rank 1 equipped with a Frobenius-linear endomorphism φ such that φf = 1⊗ δ̃(πK), which is

unique up to isomorphism by [KPX14, Lemma 6.2.3]. As forDKm
cris (RK,E(δ̃

wt)), since δ̃wt(πK) =
1, it extends by continuity to a continuous character ofGK taking the value 1 at any geometric

Frobenius. Since δ̃ is smooth, we may also assume that δ̃wt|1+πm
KOK

= 1, i.e., the restriction of

δ̃wt to GKm is the trivial character. Then, δ̃wt descends to a character of Gm, and

DKm
cris (δ̃

wt) =
(
Bcris ⊗Qp E(δ̃

wt)
)GKm

= K0 ⊗Qp E(δ̃
wt)

which is the free (K0⊗QpE)-moduleDf,1 of rank 1 on whichGm acts by δ̃wt. Thus, we conclude

thatDKm
cris (RK,E(δ)) is the φ-moduleDf,δ̃(πK) free of rank 1 over (K0 ⊗Qp E), where G(Km/K)

acts by δ̃wt. To show that the Weil representation ϕ attached toDKm
cris (RK,E(δ)) is δ̃ ◦ rec−1

K , we
follow the recipe recalled in Theorem 3.10(ii). For w ∈WK , let α(w) ∈ fZ be the integer such
that the image of w in Gal(Fp|Fp) is the α(w)-th power of the absolute arithmetic Frobenius.

Then theWK-action is given by ϕ(w) = w ◦ φ−α(w) = δ̃wt(rec−1
K (w)) · φ−α(w), where w denotes

the image of w in Gm. Since recK(πK) is a geometric Frobenius element,

ϕ(recK(πK)) = δ̃wt(πK)φ
−(−f) = δ̃wt(πK)δ̃(πK) = δ̃(πK).

For u ∈ O×
K = rec−1

K (IabK ), we have α(recK(u)) = 0 and hence

ϕ(recK(u)) = δ̃wt(u)φ−(0) = δ̃(u).

We conclude that ϕ ◦ recK = δ̃, and hence ϕ = δ̃ ◦ rec−1
K , which proves the claim. □

Proposition 3.15. For D ∈ ΦΓnc(ϕ,h) of regular Sen weight (h1,σ > · · · > hn,σ) for each
σ ∈ ΣK, D is indecomposable. In particular, all of its triangulations are strongly non-split.
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Proof. Any direct sum decompositionD = D′⊕D′′ ofD with two (φ,ΓK)-submodulesD′, D′′

is part of a triangulation Fil•w(D) for some w ∈ Sn, i.e., D′ ∼= Filiw(D) for i = rank(D′) and
D′′ ∼= D/Filiw(D). This is because D is crystabelline generic, and hence by Theorem 3.10 and
Definition 3.11(i), its saturated subobjects corresponds to the subobjects of the semisimple
Weil representation

⊕
i ϕi. As in Remark 2.11(i), the problem is reduced to the rank 2 case. It

suffices to show that for any non-critical crystabelline (φ,ΓK)-module D of rank 2 of regular
weights, if we have an extension 0 → RK,E(δ1) → D → RK,E(δ2) → 0, then this extension is
non-split. This is true since by the non-critical assumption, wtσ(δ1) > wtσ(δ2) for all σ ∈ ΣK .
If the extension is split, we can writeD as an extension 0→ RK,E(δ2)→ D → RK,E(δ1)→ 0,
which is a critical triangulation of D. □

Proposition 3.16. (i) LetD be a generic crystabelline (φ,ΓQp)-module overRQp,E of regular
Sen weight h = (h1 > · · · > hn) and Weil representation

⊕n
i=1 ϕi. If D has a critical

refinement w, then (D,Fil•w(D)) is not strongly non-split in the sense of (2.0.5).
(ii) For any nontrivial extensionK/Qp, regular Sen weight h = (h1,σ > · · · > hn,σ)σ∈ΣK

, and
generic Weil representation

⊕n
i=1 ϕi, there exists a generic crystabelline (φ,ΓK)-module

D over RK,E of regular Sen weight h and Weil representation
⊕n

i=1 ϕi that has a critical
refinement w such that (D,Fil•w(D)) is strongly non-split in the sense of (2.0.5).

Proof. (i) LetD be a generic crystabelline (φ,ΓQp)-module overRQp,E of regular Sen weight
h and Weil representation

⊕n
i=1 ϕi. Suppose w ∈ Sn is a critical refinement of D, which

means that the induced ordering of weights satisfies kwi < kwi+1 for some 1 ≤ i ≤ n − 1,
where {kwi , kwi+1} ⊂ {h1, . . . , hn}, cf. Proposition 3.14. We claim that the extension

0→RQp,E(x
kwi ϕw(i))→ Fili+1

w (D)/Fili−1
w (D)→ RQp,E(x

kwi+1ϕw(i+1))→ 0

is split, where the subobject is Filiw(D)/Fili−1
w (D) and the quotient is Fili+1

w (D)/Filiw(D).
In the notations of Remark 3.12, since the induced jumps are −wt(δw,i) > −wt(δw,i+1),
the refinementEew(i) ⊂ Eew(i)⊕Eew(i+1) onDdR(Fil

i+1
w (D)/Filiw(D)) coincides with the

Hodge filtration, which forces the other refinement Eew(i+1) ⊂ Eew(i) ⊕Eew(i+1) to be of
relative position id with the Hodge filtration. This other refinement gives a triangulation

0→ RQp,E(x
kwi+1ϕw(i+1))→ Fili+1

w (D)/Fili−1
w (D))→ RQp,E(x

kwi ϕw(i))→ 0 .

Since D is generic, ϕw(i) ̸= ϕw(i+1). So by Lemma 2.7(iii), the intersection of the subob-

jectsRQp,E(x
kwi ϕw(i)) andRQp,E(x

kwi+1ϕw(i+1)) is zero. The subobjectRQp,E(x
kwi+1ϕw(i+1))

reduces isomorphically to the quotient RQp,E(x
kwi+1ϕw(i+1)) of Fil

i+1
w (D)/Filiw(D)) in the

first extension above, making it a split extension.
(ii) The generic Weil representation

⊕n
j=1 ϕj determines a unfiltered (φ,G(L/K))-module

M . To get a crystabelline (φ,ΓK)-moduleD of Sen weight hwithDL
cris(D) =M , we need

to give filtrations Fili(DdR(D)σ) onDdR(D)σ := (L⊗L0 Mj)
G(L/K)
σ whose jumps occur at

{−h1,σ < · · · < −hn,σ} for each σ ∈ ΣK . Since the property of being strongly non-split for
(D,Fil•w(D)) can be checked at subquotients of rank 2, it suffices to construct an example
D of rank 2 with Sen weights (h1,σ > h2,σ)σ∈ΣK

and generic Weil representation ϕ1 ⊕ ϕ2,
which has a critical refinement w ∈ S2 such that Fil•w(D) is non-split. As in Remark 3.12,
for the refinement (ϕ1, ϕ2), we choose a basis (e1,σ, e2,σ)σ∈ΣK

forDdR(D) =
∏

σDdR(D)σ.
SinceK ̸= Qp, there are at least two distinct embeddings σ1, σ2 ∈ ΣK . Define

DdR(D)σ1 ⊋ Fil−h1,σ1+1(DdR(D)σ1) := E(e1,σ1 + e2,σ1) ⊋ Fil−h2,σ1+1(DdR(D)σ1) = 0
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DdR(D)σ2 ⊋ Fil−h1,σ2+1(DdR(D)σ2) := E(e1,σ2) ⊋ Fil−h2,σ2+1(DdR(D)σ2) = 0

and define the τ -Hodge filtrations for τ ∈ ΣK \ {σ1, σ2} arbitrarily. This gives a (φ,ΓK)-
module D. By Remark 3.12, Fil•id(D) induces the ordering (h1,σ1 > h2,σ1) on the σ1-Sen
weights and the ordering (h2,σ2 < h1,σ2) on the σ2-Sen weights, but for w0 = (1 2) ∈ S2,
Fil•w0

(D) induces the ordering (h1,σi > h2,σi) on the σi-Sen weights for both i = 1, 2. This
implies that Fil•id(D) is non-split, for in the split case, Fil•w0

(D) would induce the orderings
(h2,σ1 < h1,σ1) on the σ1-Sen weights and (h1,σ2 > h2,σ2) on the σ2-Sen weights. □

Remark 3.17. For critical generic crystalline (φ,ΓK)-moduleD, it may be strongly non-split
for some non-critical refinement Fil•(D), and it may have no strongly non-split non-critical
refinement at all. Hence, “strongly non-split” depends on the choice of triangulation.

3.3. More general cases.

Remark 3.18. We end this section with a heuristic procedure for locating possible triangula-
tions of a fixed (φ,ΓK)-moduleD overRK,E, whereE is a finite extension ofQp containing the
Galois closure Knorm of K. This discussion will not be used later. As the first step, consider
the locus X1 in TE(E) where the character δ1 = δ makes the space{

f1 ∈ H0(D∨(δ1))
∣∣∀σ ∈ ΣK , f1 ̸= 0 ∈ H0(D∨(δ1)/tσ)

}
nonempty, where f1 denotes the image of f under the mod-tσ reduction map

Homφ,ΓK
(D,RK,E(δ))→ Homφ,ΓK

(D/tσ,RK,E(δ)/tσ).

By the classification of (φ,ΓK)-submodules ofRK,E(δ1) in Lemma 2.7(iii), any f1 in the space
above corresponds to a map f1 : D → RK,E(δ1) of (φ,ΓK)-modules that is surjective, and vice
versa. To the data of (δ1, f1), we associate a (φ,ΓK)-submodule of D of rank n− 1 as

0→ Dn−1 := ker(f1)→ D
f1−→ RK,E(δ1)→ 0.

The next step is to consider, for all (f1, δ1) found in Step 1, the locus X2 in TE(E) where the
character δ2 = δ makes the space{

f2 ∈ H0(D∨
n−1(δ2))

∣∣∀σ ∈ ΣK , f2 ̸= 0 ∈ H0(D∨
n−1(δ2)/tσ)

}
nonempty. Any f2 from this space corresponds to a surjective map from Dn−1 to RK,E(δ2) of
(φ,ΓK)-modules, whose kernel (we denote by Dn−2) satisfies

0→ Dn−2 := ker(f2)→ Dn−1
f2−→ RK,E(δ2)→ 0.

Continuing this way, we get data (δ1, f1, δ2, f2, . . . , δn−1, fn−1, δn), where for Dn−i := ker(fi)
with Dn = D, fi are chosen from{

fi ∈ H0(D∨
n−i+1(δi))

∣∣∀σ ∈ ΣK , fi ̸= 0 ∈ H0(D∨
n−i+1(δi)/tσ)

}
,

from which we know there is a triangulation Fil•(D) = D• on D with parameters (δn, . . . , δ1).
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4. Pullback operations

Consider the stack Xn = XGLn of GK-equivariant vector bundles of rank n on the Fargues-
Fontaine curveXK , the stackXP ofGK-equivariant P -bundles onXK for a standard parabolic
subgroup P ⊂ GLn containing the upper triangular Borel subgroup B ⊂ GLn with Levi
quotient M ∼= GLn1 × · · · × GLnr , and the stack XM of GK-equivariant M -bundles on XK ,
all over the category of rigid E-analytic spaces RigE equipped with the Tate-fpqc topology, cf.
[EGH, §5.1, §5.3]. Note that XM

∼= Xn1 × · · · ×Xnr . When P = B, the Levi quotientM is the
diagonal torus, which we denote by T ∼= (GL1)

n so that XT = X1 × · · · × X1.
By [EGH, 5.1.1 and 5.1.5], a point of Xn(Sp(A)) is a (φ,ΓK)-moduleD of rank n overRK,A,

and a point ofXP (Sp(A)) is a pair (D,Fil
•(D)) consisting of a (φ,ΓK)-moduleD of rank n over

RK,A together with a filtration

0 = Fil0(D) ⊂ Fil1(D) ⊂ · · · ⊂ Filr(D) = D

by (φ,ΓK)-submodules with the subquotients Fili(D)/Fili−1(D) being locally free over RK,A

of rank ni for all 1 ≤ i ≤ r, in which case we say that Fil•(D) is a P -parabolization onD. In
general, a (φ,ΓK)-moduleD of rank n is called paraboline if it admits a P -parabolization for
some parabolic subgroup P of GLn containing B.

For Pi the parabolic subgroup containing B of Levi quotient Mi
∼= GLn−i×GLi, we may

consider the pullback map pi,σ : XPi
→ XPi

, sending a Pi-bundle

(0→ Dn−i → D → Di := D/Dn−i → 0),

where Dn−i is a saturated (φ,ΓK)-submodule of D of rank n− i, to the Pi-subbundle
(0→ Dn−i → pi,σ(D)→ tσD

i → 0).

This makes sense on XQ for any parabolic Q such that B ⊂ Q ⊂ Pi, where pi,σ acts similarly.

Remark 4.1. OnXB, consider pi,σ : XB → XB. Over the sublocus of T n where wtσ(δj/δk) ̸= 1
for all 1 ≤ j ≤ n − i < k ≤ n with fixed i, and for a non-split pair (D,Fil•(D)) ∈ Xn(B), it
follows from Theorem 3.1 that from pi,σ(D,Fil

•(D)) together with its induced triangulation,
we can recover D together with its triangulation.

Lemma 4.2. For any 1 ≤ i < j ≤ n and σ, τ ∈ ΣK (with possibly σ = τ), we have that

pi,σ ◦ pj,τ = pj,τ ◦ pi,σ
as maps from XQ to XQ, for any parabolic Q such that B ⊂ Q ⊂ Pi ∩ Pj.

Proof. Wemay assumeQ = Pi∩Pj. Then, aQ-bundle isD ∈ Xn(A) together with a filtration

0 ⊂ Dn−j := Filn−j(D) ⊂ Dn−i := Filn−i(D) ⊂ Dn = D

by (φ,ΓK)-submodules over RK,A such that D• := D/Dn−• is locally free of rank • ∈ {i, j},
and pi,σ(D,Fil

•(D)) = (Dn−i − tσDi), which has the induced Q-filtration

0 ⊂ Dn−j ⊂ Dn−i ⊂ pi,σ(D,Fil
•(D)).

From this we see that, because the twist by tτ commutes with pullback via tσ,

pj,τ (pi,σ(D,Fil
•(D))) = (Dn−j − tτ (Dn−i/Dn−j − tσDi))

= (Dn−j − tτ (Dn−i/Dn−j)− tτ tσDi)

= (Dn−j − tτ (Dn−i/Dn−j)− tσ(tτDi))
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= pi,σ(pj,τ (D,Fil
•(D))) ,

which completes the proof. □

4.1. Substacks. We define several substacks ofXn in this subsection. We will see in Theorem
4.12(i) that pi,σ descend to them.

Definition 4.3. (i) Recall we have the morphisms of stacks

XP

Xn XM

βP αP

where for a paraboline (φ,ΓK)-module (D,Fil•(D)) ∈ XP (A), we have the forgetful map

βP (D,Fil
•(D)) = D,

and the map

αP (D,Fil
•(D)) = (Fili(D)/Fili−1(D))i

taking the successive quotients of the P -structure Fil•(D) on D.
(ii) For P = B, we define the weight maps

ωT : XT → ResK/Qp(An,rig)E ∼= (An
E)

ΣK ,rig, (δ1, . . . , δn) 7→ (wt(δ1), . . . ,wt(δn))

and

ωB : XB
αB−→ XT

ωT−→ (An
E)

ΣK ,rig, (D,Fil•(D)) 7→ (wt(δ1), . . . ,wt(δn))

where δi are the unique characters determined by the rank 1 subquotients

Fili(D)/Fili−1(D) ∼= RK,A(δi)⊗OSp(A)
Li.

With the projection

prσ : (An
E)

ΣK ,rig → An,rig
E

onto the σ-component for σ ∈ ΣK , we define the σ-weight maps by

ωT,σ := prσ ◦ ωT : XT → An,rig
E , (δ1, . . . , δn) 7→ (wtσ(δ1), . . . ,wtσ(δn))

and

ωB,σ := ωT,σ ◦ αB : XB → An,rig
E , (D,Fil•(D)) 7→ (wtσ(δ1), . . . ,wtσ(δn)).

Definition 4.4. Let S ⊂ ΣK be a subset of embeddings ofK into E.

(i) For a trianguline (φ,ΓK)-module D over RK,A, we say D is S-weight-uniform trian-
guline if for every rigid point z ∈ Sp(A) and every finite extension L/k(z), the σ-weight
map ωB,σ is constant on β−1

B (Dz ⊗k(z) L) for every σ ∈ S. That is, all triangulations on
the fiber Dz ⊗k(z) L induce the same ordering on its σ-Sen weights for all σ ∈ S.

(ii) As the S-weight-uniform trianguline condition is defined via geometric fibers, it is stable
under base change. Denote by XS-wu

B this substack of XB, and by XS-wu
n the sheafification

of its image under βB in Xn with respect to the Tate-fpqc topology on RigE. We refer to
XS-wu
B and XS-wu

n as the S-weight-uniform substacks.
(iii) If S = ΣK , we simply write Xwu

B and Xwu
n , and call them weight-uniform substacks.
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Remark 4.5. Sheafification is necessary for descent-theoretic reasons. [EGH, Example 5.3.2]
gives a filtered φ-module on P1 defining a (φ,ΓQp)-module of rank 2 on P1, which has no global
triangulation on P1, but is globally trianguline over the two copies of A1.

Definition 4.6. (i) Fix σ ∈ ΣK and i ∈ {1, . . . , n}.
(a) Let Ui be the Zariski-open subspace of An,rig

E that is complement to the hyperplanes
{Tj − Tk = 0} for all 1 ≤ j ≤ n − i and n − i + 1 ≤ k ≤ n, where we denote by

{Tl|1 ≤ l ≤ n} the standard coordinates on An,rig
E .

(b) Let Xσ-wu,i
n denote the sheafification of the image βB(X

σ-wu
B ∩ ω−1

B,σ(Ui)), which is the

substack ofXσ-wu
n characterized by the property thatD ∈ Xσ-wu,i

n (A) if and only if for
any z ∈ Sp(A) and for any triangulation on the fiber Dz ∈ Xn(k(z)), its first n − i
ordered σ-Sen weights are disjoint from its last i ordered σ-Sen weights in k(z).

(c) For a ≤ 0 ≤ b ∈ Z, let Xσ-wu,i,[a,b]
n be the substack of Xσ-wu

n given by the condition

thatD ∈ X
σ-wu,i,[a,b]
n (A) if and only if for any z ∈ Sp(A) and for any triangulation on

Dz with parameters (δ1,z, . . . , δn,z), we have

{wtσ(δj,z)|1 ≤ j ≤ n− i} ∩ {wtσ(δk,z) + h|n− i+ 1 ≤ k ≤ n, h ∈ [a, b] ∩ Z} = ∅

in k(z). In particular, Xσ-wu,i
n defined in (b) is equal to X

σ-wu,i,[0,0]
n .

(ii) Fix S ⊂ ΣK , and for each σ ∈ S, choose a subset
Iσ := {1 ≤ i1 < · · · < idσ ≤ n}

of {1, . . . , n} of size dσ. Set i0 = 0 and idσ+1 = n. For k = (kσ,i)σ∈S,i∈Iσ ∈ N
∑

σ∈S dσ , let⋂
σ∈S

dσ⋂
m=1

X
σ-wu,im,[0,

∑m
r=1 kσ,ir ]

n ⊂ XS-wu,I,k
n ⊂

⋂
σ∈S

dσ⋂
m=1

Xσ-wu,im,[0,kσ,im ]
n

be the substack of XS-wu
n given by the condition that D ∈ XS-wu,I,k

n (A) if and only if for
any z ∈ Sp(A) and for any triangulation on Dz with parameters (δ1,z, . . . , δn,z), setting
(hi,σ)z := wtσ(δi,z), for all σ ∈ S we have that

∀0 ≤ m ≤ dσ, ∀n+1− im+1 ≤ j < n+1− im, ∀0 ≤ m′ < m,∀n+1− im′+1 ≤ k < n+1− im′

(hj,σ)z /∈

{
(hk,σ)z + a

∣∣∣∣∣a ∈ N, 0 ≤ a ≤
m∑

r=m′+1

kσ,ir

}
in k(z). On the other hand, for −k = (−kσ,i) ∈ Z

∑
σ∈S dσ

≤0 , let⋂
σ∈S

dσ⋂
m=1

X
σ-wu,im,[−

∑m
r=1 kσ,ir ,0]

n ⊂ XS-wu,I,−k
n ⊂

⋂
σ∈S

dσ⋂
m=1

Xσ-wu,im,[−kσ,im ,0]
n

be the substack of XS-wu
n given by the condition that D ∈ XS-wu,I,−k

n (A) if and only if for
any z ∈ Sp(A) and for any triangulation on Dz with parameters (δ1,z, . . . , δn,z), setting
(hi,σ)z := wtσ(δi,z), for all σ ∈ S we have that

∀0 ≤ m ≤ dσ, ∀n+1− im+1 ≤ j < n+1− im, ∀0 ≤ m′ < m,∀n+1− im′+1 ≤ k < n+1− im′

(hj,σ)z /∈

{
(hk,σ)z − a

∣∣∣∣∣a ∈ N, 0 ≤ a ≤
m∑

r=m′+1

kσ,ir

}
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in k(z).
(iii) When S = ΣK and Iσ = {1, . . . , n} for all σ, we simply write Xwu,k

n to ease the notation.

Remark 4.7. One should think of the conditions defining XS-wu,I,−k
n as the requirements on

weights such that changing the weights through the pullback
∏

σ∈S,i∈Iσ p
kσ,i
i,σ do not meet any of

the relevant walls in the weight space.

Corollary 4.8. The following two classes of (φ,ΓK)-modules of rank n overRK,A give rise to
Sp(A)-valued points of Xwu

n :

(i) if D ∈ Xn(A) is trianguline and Dz is non-critical crystabelline at all z ∈ Sp(A).
(ii) if D ∈ Xn(A) has a strongly non-split triangulation Fil•(D) with parameters in T n◦ (A).

Proof. (i) follows from Definition 3.13, and (ii) follows from Corollary 3.5. □

4.2. Operation pi,σ on Xσ-wu,i
n . We begin by recalling Wu’s result obtained in [Wu] that we

rely on, and then explain how it extends pi,σ and allows us to define morphisms on our stacks.

Lemma 4.9. (i) Let R be any commutative unital ring, and let Q,S,Q′, S ′ ∈ R[T ] be monic
polynomials such that deg(Q) = deg(Q′), deg(S) = deg(S ′), Q(T )S(T ) = Q′(T )S ′(T )
and (Q′, S) = (1). Then, Q = Q′ and S = S ′.

(ii) Let k be a field of characteristic 0, and let Q,S,Q′, S ′ ∈ k[T ] be monic polynomials such
that QS = Q′S ′ and Q(T − 1)S(T ) = Q′(T − 1)S ′(T ). Then, Q = Q′ and S = S ′.

(iii) LetA be anaffinoidQp-algebra, and letQ,S ∈ A[T ] be polynomials. Then, (Q(T ), S(T )) =
(1) if and only if for any z ∈ Sp(A), the sets of roots ofQ(T )⊗A k(z) and of S(T )⊗A k(z)
in k(z) have empty intersection.

Proof. (i) Subtracting Q′(T )S(T ) from both sides of Q(T )S(T ) = Q′(T )S ′(T ), we get

(Q−Q′)S = Q′(S ′ − S).
Since (Q′, S) = 1, we find polynomialsA,B ∈ R[T ] such thatAQ′+BS = 1. Multiplying
both sides of AQ′ +BS = 1 by (S ′ − S), we get

AQ′(S ′ − S) +BS(S ′ − S) = S ′ − S.
Each of the two terms on the left is divisible by S, so is the right-hand side S ′ − S. Thus
there exists C ∈ R[T ] such that S ′ − S = CS, or equivalently,

S ′ = (1 + C)S.

But by assumption, S and S ′ aremonic polynomials of the same degree deg(S) = deg(S ′).
So, C = 0 and S = S ′. Then (Q−Q′)S = 0 in R[T ]. Since S is monic, we have Q = Q′.

(ii) The relation QS = Q′S ′ implies Q
Q′ =

S′

S
∈ k(T ). The relation Q(T − 1)S(T ) = Q′(T −

1)S ′(T ) implies Q(T−1)
Q′(T−1)

= S′(T )
S(T )

. Thus, the rational functionC(T ) := Q(T )/Q′(T ) ∈ k(T )
satisfies C(T ) = C(T − 1), and hence C(T ) = C(T − 1) = C(T − 2) = C(T − 3) = . . . .
Since k has characteristic 0, the rational function C(T ) = Q(T )/Q′(T ) equals a constant
c ∈ k. Then, c = 1 since both Q and Q′ are monic. Thus, 1 = Q

Q′ =
S′

S
as desired.

(iii) This is [Wu, Lemma 3.15]. □

Let D be a (φ,ΓK)-module of rank n over RK,A. Fix an embedding σ ∈ ΣK and denote by
PSen(T ) ∈

(
K ⊗Qp A

)
[T ] the Sen polynomial of D, and by PSen,σ(T ) the σ-Sen polynomial,

i.e., the σ-component of PSen(T ) via (K ⊗Qp A)[T ] ≃
∏

σ∈ΣK
A[T ].
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Theorem 4.10 ([Wu, Proposition 3.16]). Suppose that the σ-Sen polynomial PSen,σ(T ) of D
admits a decomposition PSen,σ(T ) = Q(T )S(T ) in A[T ] by co-maximal monic polynomials.

(i) There exists a unique (φ,ΓK)-module D′ over RK,A contained in D and containing tσD
such that the Sen polynomial of D′ is equal to

Q(T − 1)S(T )
∏
τ ̸=σ

PSen,τ (T ) ∈
∏
σ∈ΣK

A[T ].

(ii) There exists a unique (φ,ΓK)-moduleD
′′
overRK,A contained in t−1

σ D and containingD
such that the Sen polynomial of D

′′
is equal to

Q(T + 1)S(T )
∏
τ ̸=σ

PSen,τ (T ) ∈
∏
σ∈ΣK

A[T ].

(iii) If the image of each difference between the roots of Q(T ) and S(T ) in k(z) never belongs
to {−1, 0, 1} for all z ∈ Sp(A), then the operations in (i) and (ii) are mutual inverses.

Proof. (i) This part is [Wu, Proposition 3.16] except that it is stated there that the submodule
D′ is containing tD, instead of tσD. Let us sketch Wu’s construction and the proof of its
uniqueness, and then indicate why his proof shows that tσD ⊂ D′ ⊂ D, which is a priori
stronger than tD ⊂ D′ ⊂ D.

ByBeauville-Laszlo gluing [Wu, PropositionA.3], it suffices to look at theσ-component
D+

dif,σ(D) of the “localization” D+
dif(D) := D ⊗RK,A

(K∞ ⊗Qp A)[[t]], which is finite
projective of rank n over (K∞ ⊗K,σ A)[[t]] with a semilinear ΓK-action, and show that
D+

dif,σ(D) has a unique ΓK-stable projective submoduleM containing tD+
dif,σ(D) such that

the Sen operator Θσ onDSen,σ(M) =M/tM has σ-Sen polynomialQ(T − 1)S(T ). Then,
the (φ,ΓK)-submodule D′ corresponds to the ΓK-stable lattice in D

+
dif(D)[1/t] given by

D+
dif,τ (D

′) =

{
D+

dif,τ (D) if τ ∈ ΣK \ {σ},
M if τ = σ.

This submoduleM is explicitly given by

M := ker(D+
dif,σ(D)→ D+

dif,σ(D)/t→ ker(Q(Θσ)|DSen,σ(D))),

where we have the canonical decomposition as A[T ]-module on which T acts by Θσ,

DSen,σ(D) = ker(Q(Θσ)|DSen,σ(D))⊕ ker(S(Θσ)|DSen,σ(D)),

thanks to the assumption that PSen,σ(T ) = Q(T )S(T ) and (Q(T ), S(T )) = 1.
The uniqueness also follows from this canonical decomposition of DSen,σ(D). Indeed,

let R := K∞ ⊗K,σ A and let M be any ΓK-stable projective R[[t]]-submodule M of
D+

dif,σ(D) containing tD+
dif,σ(D) so that the Sen operator Θσ on DSen,σ(M) = M/tM has

characteristic polynomial Q(T − 1)S(T ). Then from

t2D+
dif,σ(D) ⊂ tM ⊂ tD+

dif,σ(D) ⊂M ⊂ D+
dif,σ(D),

we obtain two exact sequences of ΓK-stable R-modules

(4.2.1) 0→ tD+
dif,σ(D)/tM →M/tM →M/tD+

dif,σ(D)→ 0,

(4.2.2) 0→M/tD+
dif,σ(D)→ D+

dif,σ(D)/tD+
dif,σ(D)→ D+

dif,σ(D)/M → 0,
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which, as we now show, following [Zhu17, Lemma 1.1.5], consist of projectiveR-modules.
SinceM is projective over R[[t]], M/tM is projective over R = R[[t]]/tR[[t]]. Similarly,
D+

dif,σ(D)/tD+
dif,σ(D) is projective over R. Since M is an R[[t]]-lattice in the projective

R((t))-module Ddif,σ(D) := D+
dif,σ(D)[1/t] of rank n, it follows that

Ddif,σ(D)/M =
⊕
k≥0

t−(k+1)M/t−kM

is projective over R sinceM/tM and so t−(k+1)M/t−kM are projective. Similarly,

Ddif,σ(D)/D+
dif,σ(D) =

⊕
k≥0

t−(k+1)D+
dif,σ(D)/t−kD+

dif,σ(D)

is projective over R because D+
dif,σ(D)/tD+

dif,σ(D) is projective over R. Hence, from

0→ D+
dif,σ(D)/M → Ddif,σ(D)/D+

dif,σ(D)→ Ddif,σ(D)/M → 0

we conclude that D+
dif,σ(D)/M is projective. By (4.2.2),M/tD+

dif,σ(D) is projective. For
the sequences (4.2.1) and (4.2.2) of finite projective ΓK-stable R-modules, we look at the
derivative of ΓK-action, i.e., the Sen operator Θσ, to get the factorizations

PSen,M/tM(T ) = PSen,tD+
dif,σ(D)/tM(T ) · PSen,M/tD+

dif,σ(D)(T )

PSen,D+
dif,σ(D)/tD+

dif,σ(D)(T ) = PSen,M/tD+
dif,σ(D)(T ) · PSen,D+

dif,σ(D)/M(T )

Since the derivative of ΓK onD+
dif,σ(D) is a derivation∇ : D+

dif,σ(D)→ D+
dif,σ(D) over the

derivation t ∂
∂t

on the coefficient R[[t]], cf. [Fon04, §3.4], it follows that

∇(ty) = ty + t∇y

for any y ∈ D+
dif,σ(D), from which we see

PSen,tD+
dif,σ(D)/tM(T ) = PSen,D+

dif,σ(D)/M(T − 1).

ThusQ′(T ) := PSen,D+
dif,σ(D)/M(T ), S ′(T ) := PSen,M/tD+

dif,σ(D)(T ) are monic polynomials in

A[T ] satisfying the equalities

Q′(T )S ′(T ) = PSen,σ(T ) = Q(T )S(T ),

Q′(T − 1)S ′(T ) = PSen,M/tM(T ) = Q(T − 1)S(T ).

For each z ∈ Sp(A), we can specialize to the polynomial ring k(z)[T ] over the residue
field k(z) and apply Lemma 4.9(ii) to deduce that Qz(T ) = Q′

z(T ) and Sz(T ) = S ′
z(T ).

Hence, deg(Q′) = deg(Q) and deg(S) = deg(S ′), and by Lemma 4.9(iii), we deduce
comaximality (Q,S) = (Q′, S) = (Q,S ′) = (Q′, S ′) = A[T ], and that Q′(T ) = Q(T )
and S ′(T ) = S(T ) in A[T ] by Lemma 4.9(i). By Chinese remainder theorem, we have a
natural isomorphism

A[T ]
f−→
∼
A[T ]/Q(T )× A[T ]/S(T )

and we let eQ = f−1(1, 0) and eS = f−1(0, 1) be the idempotents in A[T ]. Then, for any
R-linear section s′ : D+

dif,σ(D)/M → D+
dif,σ(D)/t that splits (4.2.2) as R-modules, we get
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an R[Θσ]-linear section s := eQ(Θσ) ◦ s′ that splits (4.2.2) as Sen-modules by the choice
of eQ and the fact that Q′ = Q and S = S ′. This must be the canonical decomposition

DSen,σ(D) = ker(Q(Θσ)|DSen,σ(D))⊕ ker(S(Θσ)|DSen,σ(D)).

So,M/tD+
dif,σ(D) = ker(S(Θσ)|DSen,σ(D)) and

M = ker(D+
dif,σ(D)→ D+

dif,σ(D)/t→ ker(Q(Θσ)|DSen,σ(D))),

which proves the uniqueness of such ΓK-stable projective submodule.

By construction, tD+
dif(D) ⊂ D+

dif(D
′) ⊂ D+

dif(D). Hence, we know that tD ⊂ D′ ⊂ D
by Beauville-Laszlo. To show that tσD ⊂ D′ ⊂ D, it suffices to note6 that
• tσ acts as a unit on the components D+

dif,τ (D) for τ ̸= σ, and

• tσ acts as t on the σ-component D+
dif,σ(D).

Thismeans that in the construction ofM ⊂ D+
dif,σ(D) above and theproof of uniqueness

of suchM , we may replace t by tσ and obtain the same result.
(ii) This is a corollary to (i), after replacingD by t−1

σ D and switching the roles played byQ(T )
and S(T ) in the statement of (i): the Sen polynomial of t−1

σ D is exactly

PSen,σ(T + 1)
∏
τ ̸=σ

PSen,τ (T ) = Q(T + 1)S(T + 1)
∏
τ ̸=σ

PSen,τ (T ) ∈
∏
σ∈ΣK

A[T ]

The σ-component of D+
dif(t

−1
σ D) = t−1

σ D+
dif(D) contains the ΓK-subrepresentation

M = ker(D+
dif,σ(t

−1
σ D)→ D+

dif,σ(t
−1
σ D)/t→ ker(S(Θσ + 1)|DSen,σ(t

−1
σ D)))

which is the unique ΓK-stable projective submodule containing

tD+
dif,σ(t

−1
σ D) = tσD

+
dif,σ(t

−1
σ D) = D+

dif(D)

such that Θσ acts on DSen,σ(M) with Sen polynomial

Q(T + 1)S(T + 1− 1) = Q(T + 1)S(T )

by (i). The result then follows.
(iii) The assumption ensures (Q(T ), S(T )) = 1 = (Q(T − 1), S(T )) = (Q(T +1), S(T )). The

desired conclusion follows from the uniqueness part of (i) and (ii). □

Proposition 4.11. Let (D,Fil•(D)) ∈ XB(A) be a triangulated (φ,ΓK)-module over RK,A

with parameters (δ1, . . . , δn). Then,

PSen,σ(T ) =
n∏
i=1

(T − wtσ(δi)) ∈ A[T ]

factors naturally. Suppose there exists a nonempty subset I ⊂ {1, . . . , n} such that

QI(T ) :=
∏
m∈I

(T − wtσ(δm)), SI(T ) :=
∏

m∈{1,...,n}\I

(T − wtσ(δm))

6One way to see them is to apply the uniqueness proven in the preceding paragraph to RK,E , which yields
tσRK,E as it has the correct Sen polynomial and satisfies tRK,E ⊂ tσRK,E ⊂ RK,E . Comparing D+

dif,• yields

tσ(K∞ ⊗K,τ E[[t]]) =

{
K∞ ⊗K,τ E[[t]] if τ ̸= σ,

t(K∞ ⊗K,τ E[[t]]) if τ = σ, ,

which implies the desired result.
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are comaximal in A[T ]. Then, applying Theorem 4.10(i) (resp. Theorem 4.10(ii)) to

PSen,σ(T ) = QI(T )SI(T )

produces a (φ,ΓK)-module D′ ⊂ D (resp. D′′ ⊃ D) that is again trianguline.

Proof. Passing to a finite admissible cover {Sp(Al)}rl=1 of Sp(A), we may assume that the line
bundles Li = H0

φ,ΓK
(gri(Fil•(D))(δ−1

i )) ∼= Homφ,ΓK
(RK,A(δi), gr

i(Fil•(D))) are trivial. For a

(φ,ΓK)-module RK,A(δ) of rank 1, D+
dif(δ) and DSen(δ) = D+

dif(δ)/t are free of rank 1. By the
functoriality ofD+

dif ,D
+
dif(D) is free of rank n over (K∞ ⊗Qp A)[[t]]. The triangulation Fil•(D)

induces a basis {e1, . . . , en} ofD+
dif(D) such that Span(e1, . . . , em) = D+

dif(Fil
m(D)) for 1 < m <

n. Using D+
dif(D) =

∏
τ∈ΣK

D+
dif,τ (D) and DSen(D) = D+

dif(D)/t =
∏

τ∈ΣK
(D+

dif,τ (D)/t) =∏
τ∈ΣK

(D+
dif,τ (D)/tτ ) =

∏
τ∈ΣK

DSen,τ (D), we get an induced basis {e1,τ , . . . , en,τ} ofD+
dif,τ (D),

which modulo tτ reduces to a basis {e1,τ , . . . , en,τ} of D+
Sen,τ (D), for each τ ∈ ΣK .

By the comaximal factorization PSen,σ(T ) = QI(T )SI(T ), we have the decomposition

DSen,σ(D) = ker(QI(Θσ)|DSen,σ(D))⊕ ker(SI(Θσ)|DSen,σ(D)).

Thanks to the triangulation, we have the decomposition of Θσ|Film(D) on the filtration steps

DSen,σ(Fil
mD) = ker(QI(Θσ)|DSen,σ(Fil

mD))⊕ ker(SI(Θσ)|DSen,σ(Fil
mD))

compatible with the filtration, which implies that

FilmDSen,σ(D) = Film ker(QI(Θσ)|DSen,σ(D))⊕ Film ker(SI(Θσ)|DSen,σ(D))

for each 1 ≤ m ≤ n. We can choose a new basis {e′1, . . . , e′n} of D+
dif(D) such that

(1) Span(e′1, . . . , e
′
m) = D+

dif(Fil
m(D)) for 1 ≤ m ≤ n, and

(2) we have

Film(ker(QI(Θσ)|DSen,σ(D))) = Span
{
e′i,σ
∣∣i ∈ {1, . . . ,m} ∩ I} ,

Film(ker(SI(Θσ)|DSen,σ(D))) = Span
{
e′i,σ
∣∣i ∈ {1, . . . ,m} \ I} ,

for each 1 ≤ m ≤ n.

Indeed, we obtain {e′1, . . . , e′n} from {e1, . . . , en} by induction on n. When n = 1, e1 reduces to
an eigenvector e1,σ of Θσ with eigenvalue being the unique root of PSen,Fil1(D)σ(T ). So, we can

set e′1 := e1, which satisfies (1) and (2) for the (φ,ΓK)-module Fil1(D) of rank 1. Suppose that,
for 1 < m ≤ n, we have chosen {e′1, . . . , e′m−1} that satisfies (1) and (2) for the (φ,ΓK)-module

Fill(D) of rank l, for all l ≤ m− 1. For Film(D), the basis {e′1, . . . , e′m−1, em} satisfies (1) but
not necessarily (2). Choosing B,C ∈ A[T ] such that BQI + CSI = 1, we have

em,σ = (BQI + CSI)(Θσ)(em,σ) = BQI(Θσ)(em,σ)︸ ︷︷ ︸
∈ker(SI(Θσ))

+CSI(Θσ)(em,σ)︸ ︷︷ ︸
∈ker(QI(Θσ))

,

and there are two cases for us to discuss:

• If m ∈ I, then Film(ker(SI(Θσ)|DSen,σ(D))) = Film−1(ker(SI(Θσ)|DSen,σ(D))), which
has a basis given by

{
e′i,σ
∣∣i ∈ {1, . . . ,m− 1} \ I

}
by the induction hypothesis. Thus,

BQI(Θσ)(em,σ) =
∑

i∈{1,...,m−1}\I

ai,σe
′
i,σ
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belongs to SpanK∞⊗K,σA

{
e′i,σ
∣∣i ∈ {1, . . . ,m− 1} \ I

}
, for some ai,σ ∈ K∞⊗K,σ A. Let

ai ∈ K∞ ⊗Qp A
∼=
∏

τ∈ΣK
K∞ ⊗K,τ A be the element (0, . . . , 0, ai,σ, 0, . . . 0), and set

e′m := em −
∑

i∈{1,...,m−1}\I

aie
′
i .

Then, {e′1, . . . , e′m} is a basis of D+
dif(Fil

m(D)), and e′m,σ = em,σ − BQI(Θσ)(em,σ) =
CSI(Θσ)(em,σ) ∈ Film(ker(QI(Θσ)|DSen,σ(D))). Hence, (1) and (2) are satisfied.
• Ifm /∈ I, then Film(ker(QI(Θσ)|DSen,σ(D))) = Film−1(ker(QI(Θσ)|DSen,σ(D))), which
has a basis given by

{
e′i,σ
∣∣i ∈ {1, . . . ,m− 1} ∩ I

}
by the induction hypothesis. Similar

to the above case when m ∈ I, we can subtract from em a suitable (K∞ ⊗Qp A)-linear
combination of e′1, . . . , e

′
m−1 to get e

′
m such that {e′1, . . . , e′m} satisfies (1) and (2).

By induction, we conclude the existence of a basis of D+
dif(D) satisfying (1) and (2). Without

loss of generality, we may assume that our chosen basis {e1, . . . , en} satisfies (1) and (2).
By the construction of D′′ ⊃ D, it suffices to consider the submodule D′ ⊂ D. By Wu’s

construction given in the proof of Theorem 4.10, the submoduleD′ hasD+
dif,τ (D

′) = D+
dif,τ (D)

for all τ ∈ ΣK \ {σ}, and using our modified basis, it is easy to see that

D+
dif,σ(D

′) = ker(D+
dif,σ(D)→ D+

dif,σ(D)/t→ ker(QI(Θσ)|DSen,σ(D))) = Span{e′1, . . . , e′n},

where e′m := tσem ifm ∈ I and e′m := em ifm /∈ I. Since Span(e1, . . . , em) = D+
dif(Fil

m(D)) are
ΓK-stable for 1 ≤ m ≤ n, the only way for D+

dif,σ(D
′) to be ΓK-stable is that Span(e

′
1, . . . , e

′
m)

are ΓK-stable for 1 ≤ m ≤ n. Using the triangulation Fil•(D) on D, Beauville-Laszlo gluing
[Wu, Proposition A.3] implies that the ΓK-stable flag on D

+
dif(D

′)

{Span(e′1, . . . , e′m)|1 ≤ m ≤ n}

determines a triangulation Fil•(D′) on D′ such that D+
dif(Fil

m(D′)) = Span(e′1, . . . , e
′
m) and

Film(D′)/Film−1(D′) ∼=

{
RK,A(xσδm) ifm ∈ I,
RK,A(δm) ifm /∈ I,

for all 1 ≤ m ≤ n. □

Theorem 4.12. (i) LetD ∈ Xσ-wu,i
n (A). Tate-fpqc locally, choose any triangulation Fil•(D)

on D overRK,A with parameters δ = (δ1, . . . , δn) so that

Fili(D)/Fili−1(D) ∼= RK,A(δi)⊗OSp(A)
Li

for some line bundles Li on Sp(A). Over the Tate-fpqc cover, pi,σ(D,Fil
•(D)) equals the

unique submodule of D defined in Theorem 4.10(i) and is thus independent of the choice
of local triangulation Fil•(D). The submodule pi,σ(D,Fil

•(D)) descends to the unique
submodule D′ of D over Sp(A) defined in Theorem 4.10(i).

(ii) Denote the operation D 7→ D′′ in Theorem 4.10(ii) by qi,σ. Then for D ∈ Xσ-wu,i,1
n (A) =

X
σ-wu,i,[0,1]
n (A), we have pi,σ(D) ∈ Xσ-wu,i,−1

n (A) = X
σ-wu,i,[−1,0]
n (A).

(iii) For any subset S ⊂ ΣK, and subsets Iσ ⊂ {1, . . . , n} for σ ∈ S, and k = (ki,σ)σ∈S,i∈Iσ ∈
N

∑
σ∈S |Iσ | any tuple of nonnegative integers, there is an isomorphism

pk : XS-wu,I,k
n −→ XS-wu,I,−k

n
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given by the composite of elements from {pi,σ|1 ≤ i ≤ n, σ ∈ ΣK} in any order in which
pi,σ appears with multiplicity ki,σ, whose inverse is given by

qk : XS-wu,I,−k
n −→ XS-wu,I,k

n

that is defined as the composite of elements from {qi,σ|1 ≤ i ≤ n, σ ∈ ΣK} in any order in
which qi,σ appears with multiplicity ki,σ.

Proof. For any (φ,ΓK)-moduleD over Sp(A) that belongs to the stackification of the image of
βB : XB → Xn, it becomes trianguline after pullback to a Tate-fpqc cover {Xj → Sp(A)}j∈J .
The coverings in the Tate-fpqc topology are generated by the usual (admissible) Tate coverings
and the morphisms Sp(B) → Sp(A) of rigid spaces for faithfully flat maps A → B of affinoid
E-algebras, cf. [EGH, §5.1.7]. Since Sp(A) is quasi-compact, {Xj → Sp(A)}j∈J can be refined
to an fpqc cover Sp(B) ↠ Sp(A). In the proof of (i)-(iii) below, we implicitly take an fpqc mor-
phism f : Sp(B) ↠ Sp(A) such that f ∗D = D⊗̂AB is trianguline and give our constructions
of pi,σ and qi,σ over Sp(B). For any point y ∈ Sp(B) and z := f(y) ∈ Sp(A), the fibers satisfy
(f ∗D)k(y) = Dz⊗k(z) k(y). SinceXn satisfies Tate-fpqc descent, our constructions on f

∗D over
Sp(B) descend to constructions onD over Sp(A), because the uniqueness part of Theorem 4.10
implies that pi,σ and qi,σ respect the isomorphisms in the descent data. Thus, pi,σ(f

∗D) ⊂ f ∗D
descends to pi,σ(D) ⊂ D in (i), and qi,σ(f

∗D) ⊃ f ∗D descends to qi,σ(D) ⊃ D in (ii).

(i) Passing to a finite admissible cover {Sp(Al)}rl=1 of Sp(A), we assume the Li are trivial. By
the definition of Ui, we have that for all z ∈ Sp(A),

{wtσ(δ1,z), . . . ,wtσ(δn−i,z)} ∩ {wtσ(δn−i+1,z), . . . ,wtσ(δn,z)} = ∅.

inside the residue field k(z) for all z ∈ Sp(A). Thus, forQi,σ(T ) :=
∏n

j=n−i+1(T −wtσ(δj)) and

Si,σ(T ) :=
∏n−i

j=1(T − wtσ(δj)), we have (Qi,σ(T ), Si,σ(T )) = (1) and a factorization

PSen,σ(T ) = Qi,σ(T )Si,σ(T ) ∈ A[T ],

which is independent of the choice of Fil•(D): indeed, if {δ′m}nm=1 is the parameters attached
to another triangulation of D overRK,A, then we get another co-maximal factorization

PSen,σ(T ) = Q′
i,σ(T )S

′
i,σ(T ) ∈ A[T ]

where we similarly putQ′
i,σ(T ) :=

∏n
j=n−i+1(T −wtσ(δ

′
j)) and S

′
i,σ(T ) :=

∏n−i
j=1(T −wtσ(δ

′
j))).

Moreover, we have (Q′
i,σ(T ), Si,σ(T )) = (Qi,σ(T ), S

′
i,σ(T )) = 1 by Lemma 4.9(iii). We conclude

that Qi,σ(T ) = Q′
i,σ(T ) and Si,σ(T ) = S ′

i,σ(T ) by Lemma 4.9(i).

Let {e1, . . . , en−i, . . . , en} be a basis of D+
dif(D) as in the proof of Proposition 4.11 with

I := {k|n− i+ 1 ≤ k ≤ n} ⊂ {1, . . . , n}

such that for the splitting of DSen,σ(D) as

ker(Q(Θσ)|DSen,σ(D))⊕ ker(S(Θσ)|DSen,σ(D)) ∼= DSen,σ(D/Fil
n−i(D))⊕DSen,σ(Fil

n−i(D))

according to the derivative Θσ of the ΓK-action, the mod-tσ reduction {e1, . . . , en−i} is a basis
of ker(S(Θσ)|DSen,σ(D)) and {en−i+1, . . . , en} is a basis of ker(Q(Θσ)|DSen,σ(D)). From the
proof of Proposition 4.11, we see that the submodule N of basis

{e1, . . . , en−i, tσen−i+1, . . . , tσen}
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inD+
dif(D) corresponds to themoduleM given byWu inTheorem4.10(i). Thus pi,σ(D,Fil

•(D))
corresponds toM since the localization of pi,σ(D,Fil

•(D)) clearly has the same basis

{e1, . . . , en−i, tσen−i+1, . . . , tσen}
by the definition of pullback, and (i) is proven.

(ii) Keep the notations in the proof of (i), in particular the basis e1, . . . , en. By (i), qi,σ(D) can
be computed using any triangulation Fil•(D) on D with respect to which our basis is chosen,
because all triangulations induce the same factorization of σ-Sen polynomial. We know that
qi,σ(D) is trianguline by Proposition 4.11. Let h1, . . . , hn be the ordered σ-Sen weights of D
with respect to any triangulation Fil•(D). Then,

h′m =

{
hm if 1 ≤ m ≤ n− i,
hm + 1 if n− i+ 1 ≤ m ≤ n.

are the ordered σ-Sen weights of an induced triangulation on the pullbackD′ := pi,σ(D). Since

we assume D ∈ Xσ-wu,i,1
n (A) = X

σ-wu,i,[0,1]
n (A), we have

h′j ̸≡ h′k (mod mz), h′j ̸≡ h′k − 1 (mod mz)

for all z ∈ Sp(A) with the corresponding maximal ideal mz and for all 1 ≤ j ≤ n− i < k ≤ n.
In particular, we can apply qi,σ toD

′. It remains to show thatD′ is σ-weight-uniform. Assume,
for the sake of contradiction, that there exists another triangulation on D′ such that at some
point z ∈ Sp(A), the induced ordering on σ-Sen weights is

(h′w(1),z, . . . , h
′
w(n),z)

for some w ∈ Sn such that for some 1 ≤ m0 ≤ n, h′w(m0),z
̸= h′m0,z

∈ k(z). By Proposition 4.11,

this other triangulation on D′ induces on qi,σ(D
′) = qi,σ(pi,σ(D)) = D a triangulation whose

ordered σ-Sen weights are (h′′1, . . . , h
′′
n) with

h′′m =

{
h′w(m) − 1 = hw(m) if w(m) ∈ I := {k|n− i+ 1 ≤ k ≤ n} ,
h′w(m) = hw(m) if w(m) /∈ I.

Case (a). If {m0, w(m0)} is contained in either I or Ic, then h′w(m0),z
̸= h′m0,z

∈ k(z) implies

h′′m0,z
= hw(m0),z ̸= hm0,z ∈ k(z)

contrary to the assumption that D is σ-weight-uniform.
Case (b). Otherwise, eitherm0 ∈ I but w(m0) /∈ I, orm0 /∈ I but w(m0) ∈ I. Then we have

h′′m0,z
= hw(m0),z ̸= hm0,z ∈ k(z)

because D ∈ Xσ-wu,i
n (A), contrary to the assumption that D is σ-weight-uniform.

Hence, we conclude that pi,σ : Xσ-wu,i,1
n → Xσ-wu,i,−1

n preserves σ-weight-uniformity.

(iii) By Lemma 4.2, the independence (i) of triangulations for the pullback interpretation of pi,σ
under the given assumption on weights, and (ii) that pi,σ preserves weight-uniformity under the
given assumption on weights, it follows that any ways of composing pi,σ with multiplicity ki,σ
as i varies in {1, . . . n} and σ varies in ΣK produce the same result, which is the morphism pk.
Since qi,σ is the inverse of pi,σ byTheorem 4.10(iii), it follows that we can define qk by composing
qi,σ’s with multiplicity ki,σ in any order. It is clear that pk and qk are mutual inverses. □
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4.2.1. To summarize, we have pi,σ : XB → XB, which is often invertible by Theorem 3.1. By
Theorem 4.12, this induces a “change of weights” morphism of stacks

pi,σ : Xσ-wu,i
n → Xn

which, if the “regularity” of the Sen weights is unchanged after the weight change, is invertible:

pi,σ : Xσ-wu,i,1
n

∼−→ Xσ-wu,i,−1
n

byTheorem4.12(iii). Moreover, weknowbyLemma4.2 that for any1 ≤ i, j ≤ nand τ, σ ∈ ΣK ,

(pj,τ ◦ pi,σ)(D) = (pi,σ ◦ pj,τ )(D)

whenever the pullbacks are independent of the choice of triangulation.

pk : Xwu,k
n

∼−→ Xwu,−k
n

as long as the “regularity” of the Sen weights is unchanged after the change. See [Wu, Example
3.18] for the general (non-invertible) case of changing the Sen weights on Xn in a similar way.
One family of “nice” D are those non-critical crystabelline (φ,ΓK)-modules D ∈ Xwu

n (A) of
regular Sen weights. When A = E is a finite extension of Qp, we verify in the last section that
pi,σ on D corresponds to the translation functor on πfs(D), for Ding’s construction πfs(D).

4.3. Étaleness. According to Jean-Marc Fontaine and others, there is an equivalence of cate-
goriesDrig between continuousE-linear Gal(K|K)-representations and étale (φ,ΓK)-modules
over RK,E. We study in this subsection how the pullback operations interplay with étaleness
on certain very generic or non-critical crystabelline (φ,ΓK)-modules.

In this subsection, we writeR := RK,E. Let CE be the category of local Artinian E-algebra
(A,mA) with residue field A/mA

∼= E. By [BC09, Lemma 2.2.5], our discussion also applies to
A-linear Galois representations and (φ,ΓK)-modules overRK,A for A ∈ CE.
Let us recall Kedlaya’s theory of slopes. For a (φ,ΓK)-moduleD of rank n overR, we define

its degree by deg(D) := deg(∧nD), which is the p-adic valuation of a “φ-eigenvalue” on ∧nD.
Then, the slope ofD is defined by µ(D) := deg(D)/rank(D). We say thatD is semistable if
for any finite free φ-submoduleM ofD satisfying φ∗M ∼= M , one has µ(M) ≥ µ(D). Then,D
is called étale if it is semistable of slope zero, cf. [Liu08, p.8].

Remark 4.13. The following properties clearly hold for (φ,Γ)-modules.

(i) If 0→ D′ → D → D′′ → 0 is exact, then deg(D) = deg (D′) + deg (D′′).
(ii) One has µ (D1 ⊗D2) = µ (D1) + µ (D2).
(iii) We have deg (D∨) = − deg(D) and µ (D∨) = −µ(D).

Example 4.14. By [KPX14, Construction 6.2.4], for any continuous character δ : K× → E×,
if we factorize δ = δunrδwt such that δunr(πK) = δ(πK) and δwt|O×

K
= δ|O×

K
, then R(δ) =

R(δunr)⊗RR(δwt). SinceR(δwt) is étale andφf = δ(πK) onR(δunr) = Df,δ(πK)⊗K0⊗ER, where
Df,δ(πK) = K0 ⊗Qp E carries a Frobenius semilinear endomorphism φ such that φf = δ(πK),
cf. [KPX14, Lemma 6.2.3], it follows from Remark 4.13(ii) that

µ(R(δ)) = deg(R(δ)) = 1

f
vp(δ(πK)),

where vp is the p-adic valuation on Qp normalized by the condition vp(p) = 1.

The following is the slope filtration theorem by Kedlaya.
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Theorem 4.15 ([Liu08, Theorem 2.4]). Every (φ,ΓK)-module D over RK,E admits a unique
filtration 0 = D0 ⊂ D1 ⊂ · · · ⊂ Dl = D by saturated (φ,ΓK)-submodules whose successive
quotients are semistable with increasing slopes µ(D1/D0) < · · · < µ(Dl/Dl−1).

In view of Theorem 4.15 and Remark 4.13(i), we deduce

Corollary 4.16. A (φ,ΓK)-module D over RK,E is étale if and only if µ(D) = 0 and it does
not contain any saturated (φ,ΓK)-submodule of strictly negative slope.

4.3.1. Suppose (D,Fil•(D)) is strongly non-split of parameters in T n◦ (E). By Corollaries 3.5
and 4.16, D is étale if and only if Fili(D) has non-negative slopes and D has slope zero. So,

Proposition 4.17. (i) If (D,Fil•(D)) is strongly non-split of parameter (δ1, . . . , δn) ∈ T n◦ (E),
thenD is étale if and only if

∑m
i=1 vp(δi(πK)) ≥ 0 for 1 ≤ m < n and

∑n
i=1 vp(δi(πK)) = 0.

(ii) If (D,Fil•(D)) is strongly non-split of parameter (δ1, . . . , δn) ∈ T n◦ (E) and étale, then
pj,σ(D) is étale up to twist if and only if

m∑
i=1

vp(δi(πK)) ≥
mj

ne
1 ≤ m ≤ n− j;

m∑
i=1

vp(δi(πK)) +
m− (n− j)

e
≥ mj

ne
n− j < m < n.

Proof. (i) By Remark 4.13(i) and the definition of slope,

µ(Fili(D)) = deg(Fili(D))/rank(Fili(D)) =
1

i

i∑
j=1

deg(R(δj))

By Example 4.14, we see that µ(Fili(D)) =
1

fi

i∑
j=1

vp(δj(πK)), for all i.

(ii) The new parameter of pj,σ(D) is (δ1, . . . , δn−j, xσδn−j+1, xσδn−j+2, . . . , xσδn), and

vp(xσ(πK)) = vp(σ(πK)) = vp(πK) = 1/e.

Let χ : K× → E× be any continuous character. The twist pj,σ(D)(χ) is again non-
split andvery generic of parameter (δ1χ, . . . , δn−jχ, . . . xσδn−j+1χ, xσδn−j+2χ, . . . , xσδnχ),
which is étale if and only if we have
∑m

i=1 vp(δi(πK)) +mvp(χ(πK)) ≥ 0 if 1 ≤ m ≤ n− j∑m
i=1 vp(δi(πK)) + (m− (n− j))vp(πK) +mvp(χ(πK)) ≥ 0 if n− j < m ≤ n− 1∑n
i=1 vp(δi(πK)) + jvp(πK) + nvp(χ(πK)) = 0 ifm = n

by (i) above. SinceD is étale,
∑n

i=1 vp(δi(πK)) + jvp(πK) + nvp(χ(πK)) = 0 implies that
vp(χ(πK)) = −j/(ne), which allows us to complete the proof by taking unramified χ. □

4.3.2. In this paragraph, we consider the étaleness forD ∈ ΦΓnc(ϕ,h). By Corollary 4.16 and
Theorem 3.10, all saturated (φ,ΓK)-submodules of D are Filiw(D) = Dw,i as in Proposition
3.14 for 0 ≤ i ≤ n and w ∈ Sn. Let {αi := ϕi(πK)}1≤i≤n be the φf -eigenvalues on DKm

cris (D).
Then, by Proposition 3.14(ii) and Example 4.14, we have

(4.3.1) vp(δw,i(πK)) = vp

(∏
σ

σ(πK)
hi,σϕw(i)(πK)

)
= vp(αw(i)) +

∑
σ

hi,σ
1

e
.
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Proposition 4.18. Suppose D ∈ ΦΓnc(ϕ,h). Let τ ∈ Sn be a refinement such that

vp(ατ(1)) ≤ vp(ατ(2)) ≤ · · · ≤ vp(ατ(n)).

Then, D is étale if and only if
j∑
i=1

vp(ατ(i)) ≥ −
1

e

∑
σ

j∑
i=1

hi,σ if 1 ≤ j < n,

n∑
i=1

vp(αi) = −
1

e

∑
σ,i

hi,σ if j = n.

Proof. It follows immediately from Corollary 4.16, our choice of τ , and Equation (4.3.1). □

Remark 4.19. Alternatively, to prove Proposition 4.18we can observe that, by our choice of τ ,
the n inequalities amount to having that the Hodge filtration onDcris(D) is weakly admissible
in the sense of [Fon94, Definition 4.4.3], or concretely [BS07, Equations (4) and (5)]. Indeed, by
[BM02, Proposition 3.1.1.5] and [Fon94, Proposition 4.4.9], it suffices to check tH(D

′) ≥ tN(D
′)

for allE-filtered (φ,G(Km/K))-submodules overK ofDcris(D) with the induced filtration. But
theseD′ are in bijection with the n! refinements, so their Newton numbers are clear, and their
Hodge numbers are clear by the non-criticalness assumption. A computation similar to that
for [BS07, Proposition 3.2, (i)⇒ (ii)] gives the n inequalities.

Corollary 4.20. SupposeD ∈ Xn(E) satisfies either the hypothesis of Proposition 4.17 or that
of Proposition 4.18 and is étale of regular Sen weights. Suppose that pi,σ(D) again satisfies the
hypothesis of Proposition 4.17 or that of Proposition 4.18 and is étale after twist by a character
χ : K× → E× (whether this is possible can be checked by Proposition 4.17 or 4.18).

Then, for any local Artinian E-algebraA ∈ CE of residue fieldE and for any deformationDA

of D to an element in Xn(A), pi,σ(DA) is again étale after twisting by the same character χ.

Proof. First of all, by pi,σ(DA) we mean the result of applying Wu’s construction (Theorem
4.10) to DA, which is applicable and deforms pi,σ(D) from RK,E to RK,A since at the unique
closed point z ∈ Sp(A), DA,z = D is assumed to have regular Sen weights.

The étaleness of pi,σ(DA)(χ) follows from the assumption that pi,σ(D)(χ) is étale and the fact
that extensions of pure of slope s φ-modules are pure of slope s by [BC09, Lemma 2.2.5]. □

5. Relation with translation functors

5.1. Trianguline deformations of (φ,ΓK)-modules. We discuss certain deformations of
(φ,ΓK)-modules fromRK,E toRK,A when A is a local Artinian E-algebra of residue field E.

Definition 5.1. LetD be a (φ,ΓK)-moduleD of rank n overRK,E, and let A ∈ CE be a local
Artinian E-algebra with maximal ideal mA such that A/mA

∼= E.

(i) By a trianguline deformation ofD toRK,A wemean a trianguline (φ,ΓK)-moduleDA

overRK,A such thatDA⊗AE = DA/mADA
∼= D. Note that if Fil•(DA) is a triangulation

on DA, then we have an induced triangulation Fil•(DA)⊗A E on DA ⊗A E ∼= D.
(ii) For any given triangulation F• on D, an F•-trianguline deformation of D to RK,A is

a pair (DA,Fil
•(DA)) consisting of a deformation DA of D to RK,A and a triangulation

Fil•(DA) such that Fil•(DA)⊗A E = F• via the map DA ↠ DA/mADA
∼= D.
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The next lemma generalizes [BC09, Proposition 2.3.6] from the case K = Qp to arbitrary
finite extensionK/Qp, with essentially the same argument.

Lemma 5.2. LetD be a (φ,ΓK)-moduleD of rank n overRK,E. LetA ∈ CE be a local Artinian
E-algebra with maximal ideal mA such that A/mA

∼= E.

(i) Suppose that for a continuous character δ : K× → E×, D has a saturated (φ,ΓK)-
submoduleD0 of rank 1 such thatD0

∼= RK,E(δ) andHomφ,ΓK
(RK,E(δ), D/D0) = 0. Then

for any deformation DA of D to RK,A, there can exist at most one continuous character
δA : K× → A× such that DA contains an RK,E-saturated (φ,ΓK)-submodule DA,0 over
RK,A and (δA mod mA) : K

× → E× equals δ. Moreover, if such δA exists, DA,0 is also
the uniqueRK,E-saturated (φ,Γ)-submodule of DA isomorphic toRK,A(δA).

(ii) SupposeD is trianguline with a triangulationF• = (0 = F0 ⊊ F1 ⊊ · · · ⊊ Fn = D) with
parameter (δ1, . . . , δn) such that for all 1 ≤ i < j ≤ n, δi/δj /∈

{
xk
∣∣k ∈ NΣK

}
. Then, for

any trianguline deformation DA of D, DA can admit at most one triangulation Fil•(DA)
such that (DA,Fil

•(DA)) is an F•-trianguline deformation of D.

Proof. (i) Given δ : K× → E×, let δ
(1)
A , δ

(2)
A : K× → A× be two lifts of δ, and supposeD

(i)
A,0 is

anRK,E-saturated (φ,ΓK)-submodule overRK,A ofDA such thatD
(i)
A,0
∼= RK,A(δ

(i)
A ), for

i = 1, 2. We need to show that D
(1)
A,0 = D

(2)
A,0 as submodules of DA and thus δ

(1)
A = δ

(2)
A . It

suffices to show that, for any i, j ∈ {1, 2}, we have

(5.1.1) Homφ,ΓK
(RK,A(δ

(j)
A ), DA/D

(i)
A ) = 0

from which we can conclude that D
(j)
A ⊂ D

(i)
A , and hence by symmetry, D

(1)
A = D

(2)
A .

SinceD
(i)
A is a free A-submodule of the free A-moduleDA, the quotientDA/D

(i)
A is also

free over A by [BC09, Lemma 2.2.3(i)]. So,D
(i)
A is a direct summand ofDA as A-module,

and henceD
(i)
A ∩mADA = mAD

(i)
A , by which we see thatD

(i)
A /mAD

(i)
A
∼= RK,E(δ) is a satu-

rated (φ,ΓK)-submodule ofDA/mADA
∼= D overRK,E. Since Homφ,ΓK

(RK,E(δ), D/D0)

vanishes, D
(i)
A /mAD

(i)
A is a saturated submodule of D0 of rank 1. So, D

(i)
A /mAD

(i)
A = D0.

ForMi := DA/D
(i)
A , we prove (5.1.1) by dévissage through the mA-adic filtration:

0 = mN
AMi ⊂ · · · ⊂ m2

AMi ⊂ mAMi ⊂Mi

for some large N > 0 such that mN
A = 0, whose graded pieces are

ml
AMi/m

l+1
A Mi

∼= Mi ⊗A (ml
A/m

l+1
A ) ∼= (D/D0)

dimE(ml
A/m

l+1
A )

by the projectivity ofMi overA. By left exactness of Homφ,ΓK
(RK,A(δ

(j)
A ),−), it is enough

to showHomφ,ΓK
(RK,A(δ

(j)
A ),Mi⊗A (ml

A/m
l+1
A )) = 0 for all 0 ≤ j < N . Any nonzeromap

in Homφ,ΓK
(RK,A(δ

(j)
A ),Mi ⊗A (ml

A/m
l+1
A )) factors throughRK,A(δ

(j)
A )⊗A E = RK,E(δ),

which contradicts the fact that Homφ,ΓK
(RK,E(δ), D/D0) = 0. So, (5.1.1) is proved.

(ii) We claim that Fili(DA)/Fil
i−1(DA) is the unique (φ,ΓK)-submodule of DA/Fil

i−1(DA)
that lifts the submodule F i/F i−1 of rank 1 inD/F i−1, for all 1 ≤ i ≤ n, which is enough
for us to conclude the uniqueness of the F•-triangulation on DA. Under the assumption
that for all 1 ≤ i < j ≤ n, δj/δi /∈

{
x−k
∣∣k ∈ NΣK

}
, we deduce from Lemma 2.7(ii) that

Homφ,ΓK
(RK,E(δi), (D/F i−1)/(F i/F i−1)) = Homφ,ΓK

(RK,E(δi), D/F i)
= H0((D/F i)(δ−1

i )) = 0.
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So, we can apply (i) to the deformation DA/Fil
i−1(DA) and the character δj to conclude

the uniqueness of Fili(DA)/Fil
i−1(DA) in DA/Fil

i−1(DA). □

Remark 5.3. For a (φ,ΓK)-moduleD of rank n overRK,E, if the local Artinian E-algebra A

is E[ε]/ε2, we use D̃ instead of DE[ε]/ε2 to denote the deformations of D to RK,E[ε]/ε2 . We can

identify elements in Ext1(D,D) with deformations of D over RK,E[ε]/ε2 as follows. Let

0→ D
ι−→ D̃

π−→ D → 0

be a self-extension of D as (φ,ΓK)-module overRK,E. We define an action of ε on D̃ by

εD̃ : D̃
π−→ D

id−→ D
ι−→ D̃.

Since ι and π are (φ,ΓK)-equivariant, εD̃ commutes with φ and ΓK . Also, ε
2
D̃
= ι ◦ π ◦ ι ◦ π =

ι◦0◦π = 0, which shows that D̃ is a (φ,ΓK)-module of rank n overRK,E[ε]/ε2 with D̃/εD̃ ∼= D.

So, D̃ is a deformation of D to RK,E[ε]/ε2 . Conversely, suppose D̃ is a (φ,ΓK)-module of rank

n over RK,E[ε]/ε2 such that D̃/εD̃ ∼= D. Then, ε : D̃/εD̃ −→ εD̃ is an isomorphism of (φ,ΓK)-

module over RK,E because, as RK,E[ε]/ε2-module, D̃ ∼= (RK,E[ε]/ε2)
n = (RK,E)

n ⊗E E[ε]/ε2.
We therefore get a self-extension

0→ εD̃ ∼= D ↪→ D̃ ↠ D̃/εD̃ ∼= D → 0

of D, which is an element in Ext1(D,D).

Definition 5.4. For any given triangulation F• on a (φ,ΓK)-module D of rank n over RK,E,
we define the subspace of F•-trianguline deformations Ext1F•(D,D) to be the subspace

of Ext1(D,D) consisting of deformations D̃ ofD toRK,E[ε]/ε2 that admits an F•-triangulation

Fil•(D̃) under the identification explained in Remark 5.3.

Remark 5.5. In Definition 5.4, for a deformation D̃ of D that is trianguline, there may be

several triangulations Fil•(D̃) on D̃ that lift F•. If the triangulation parameters (δ1, . . . , δn)
of F• satisfy the condition that δi/δj /∈

{
xk
∣∣k ∈ NΣK

}
for 1 ≤ i < j ≤ n, then Lemma 5.2(ii)

applies to guarantee the uniqueness of the F•-triangulation Fil•(D̃) on D̃.

To verify that Ext1F•(D,D) is an E-subspace of Ext1(D,D), we recall the definition of Baer
sum. Let B,C be two (φ,ΓK)-modules overRK,E. For any two extensions in Ext1(B,C),

0→ C → D1 → B → 0, 0→ C → D2 → B → 0,

their Baer sum “D1 +D2” is calculated by taking the direct sum

0→ C ⊕ C → D1 ⊕D2 → B ⊕B → 0,

pushing out via the sum C ⊕ C Σ−→ C, and then pulling back via the diagonal B
∆−→ B ⊕B:

(5.1.2)

0 C ⊕ C D1 ⊕D2 B ⊕B 0

0 C C ⊔C⊕C (D1 ⊕D2) B ⊕B 0

0 C D1 +D2 B 0

Σ

∆
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Moreover, if there are further extensions of (φ,ΓK)-modules

0→ C ′ → C → C ′′ → 0, 0→ D′
i → Di → D′′

i → 0, 0→ B′ → B → B′′ → 0,

for i = 1, 2 that induce 9-term commutative diagrams with exact rows and columns

(5.1.3)

0 0 0

0 C ′ D′
i B′ 0

0 C Di B 0

0 C ′′ D′′
i B′′ 0

0 0 0

for i = 1, 2, then we naturally have a complex

(5.1.4) 0→ (D′
1 +D′

2)→ (D1 +D2)→ (D′′
1 +D′′

2)→ 0

which is exact, since after taking pushout and pullback, we have a commutative diagram

0 0 0

0 C ′ D′
1 +D′

2 B′ 0

0 C D1 +D2 B 0

0 C ′′ D′′
1 +D′′

2 B′′ 0

0 0 0

with exact rows and two exact columns. By the 9-lemma, the middle column (5.1.4) is exact.

Proposition 5.6. For any triangulation F• on a (φ,ΓK)-module D of rank n over RK,E, the
subspace of F•-trianguline deformations Ext1F•(D,D) is an E-linear subspace of Ext1(D,D).

Proof. Let D̃1 and D̃2 be two deformations ofD toRK,E[ε]/ε2 lying in the subset Ext1F•(D,D),

respectively equipped with F•-triangulations Fil•(D̃1) and Fil•(D̃2). For each 1 ≤ j ≤ n and
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i = 1, 2, we naturally have a commutative diagram similar to (5.1.3) by

0 0 0

0 F j Filj(D̃i) F j 0

0 D D̃i D 0

0 D/F j D̃i/Fil
j(D̃i) D/F j 0

0 0 0

Hence, by the exactness of (5.1.4), we have exact sequences

0→ Filj(D̃1) + Filj(D̃2)→ D̃1 + D̃2 → (D̃1/Fil
j(D̃1)) + (D̃2/Fil

j(D̃2))→ 0

for 1 ≤ j ≤ n, which shows that Fil•(D̃1) + Fil•(D̃2) is an F•-triangulation on D̃1 + D̃2. Note
that by applying Baer sum to the following commutative diagrams for i = 1, 2,

0 0 0

0 F j−1 Filj−1(D̃i) F j−1 0

0 F j Filj(D̃i) F j 0

0 grj(F•) grj(Fil•(D̃i)) grj(F•) 0

0 0 0

we obtain that grj(Fil•(D̃1) + Fil•(D̃2)) = grj(Fil•(D̃1)) + grj(Fil•(D̃2)) for 1 ≤ j ≤ n. To

show that Ext1F(D,D) is stable under E, let 0 → D → D̃ → D → 0 be a deformation of D

equippedwith anF•-triangulationFil•(D̃). Forα ∈ E, the scalarmultipleα[D̃] is the extension

obtained by pushing 0 → D → D̃ → D → 0 out along the map D
α−→ D. Then, α[Fil•(D̃)] is

an F•-triangulation on α[D̃]. So, Ext1F•(D,D) is an E-linear subspace of Ext1(D,D). □

For (φ,ΓK)-module D of rank 1, its deformation toRK,E[ε]/ε2 has the following description.

Proposition 5.7. For any continuous character δ : K× → E×, we have a canonical E-linear
isomorphism

Hom(K×, E)
∼−→ Ext1(RK,E(δ),RK,E(δ)), ψ 7→ R(δ(1 + ψε)),
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where Hom(K×, E) denotes the vector space of continuous homomorphisms from K× to E.

Proof. Twisting by δ−1 gives an isomorphism Ext1(RK,E(δ),RK,E(δ))
∼−→ Ext1(RK,E,RK,E).

So we may assume that δ = 1. Explicitly, given a continuous character ψ : K× → E, we have

(1 + ψ(a)ε)(1 + ψ(b)ε) = 1 + (ψ(a) + ψ(b))ε = 1 + ψ(ab)ε

for any a, b ∈ K×. Hence, 1 + ψε : K× → (E[ε]/ε2)× is a continuous character that lifts the
trivial character 1, and RK,E[ε]/ε2(1 + ψε) deforms RK,E. Conversely, given any deformation

D̃ ofRK,E toRK,E[ε]/ε2 , by Theorem 2.5 there is a unique character δ̃ : K× → (E[ε]/ε2)× such

that (δ̃ mod ε) = 1 and D̃ ∼= RK,E[ε]/ε2(δ̃). So, δ̃ = 1+ψε for a continuous map ψ : K× → E,

which is a homomorphism because δ̃ is. The map Hom(K×, E) → Ext1(RK,E,RK,E) is an
E-linear map because it is the comparison isomorphism [KPX14, Proposition 2.3.7]

H1
cont(GK , V )

Drig−−→
∼

H1
φ,ΓK

(Drig(V ))

between continuous Galois cohomology and (φ,ΓK)-cohomology for the trivial 1-dimensional
representation V := E of GK and the associated (φ,ΓK)-module Drig(V ) = RK,E. Indeed, by
local class field theory, we have isomorphisms

H1
cont(GK , E) = Homcont(K̂×, E) = Hom(K×, E),

where a continuous character ψ ∈ Hom(K×, E) corresponds to the deformation E(1 + ψε) ∈
Ext1GK

(E,E) ∼= H1
cont(GK , E) of the trivial representation E. Under Drig, this gives our map

Homcont(K
×, E)→ Ext1(RK,E,RK,E), ψ 7→ RK,E(1 + ψε) = Drig(E(1 + ψε)). □

5.2. Deformations of locally analytic principal series. We slightly generalize results on
translation of locally analytic principal series in [JLS24] to Artinian coefficients. Let A ∈ CE
be a local Artinian E-algebra of maximal ideal mA and residue field A/mA

∼= E.

5.2.1. LetG ⊃ P ⊃ B ⊃ T be a split connected reductive group overK together with a par-
abolic subgroup, a Borel subgroup and aK-split maximal split torus. WriteG := G(K), P :=
P(K), B := B(K), T := T(K) for their groups of K-points. Let G ⊃ P ⊃ B ⊃ T be the
Weil restrictions of scalars from K to Qp, i.e., G := ResKQp

(G),B := ResKQp
(B), etc. Then,

G(Qp) = G,P(Qp) = P,B(Qp) = B, T (Qp) = T are locally K-analytic groups, whose Qp-Lie
algebras are naturally K-vector spaces that we denote by g, p, b, t respectively. Denote their
base changes from Qp to E by gE, pE, bE, tE, and let t∗E be the weight space, which is the E-
linear dual of tE. Via the isomorphism K ⊗Qp E

∼=
∏

σ∈ΣK
E, we have gE =

∏
σ gE ⊗K,σ E,

bE =
∏

σ bE ⊗K,σ E, etc. Then, gE is a split reductive Lie algebra over E with Cartan subal-
gebra tE because G ×Qp E

∼=
∏

σ∈ΣK
G ×K,σ E is a split connected reductive group over E of

Lie algebra gE with split maximal torus T ×Qp E. Via the inclusion

G(K) = G(Qp) ⊂ G(E) = (G ×Qp E)(E),

we can use the highest weight theory for the split E-group G ×Qp E: if L(λ) is the irreducible
algebraic G ×Qp E-representation of highest weight λ = (λσ)σ∈ΣK

∈ t∗E
∼=
∏

σ t
∗ ⊗K,σ E, then

its restriction to G = G(K) is still irreducible by Zariski density of G(Qp) in G(E), and its
differential is the irreducible U(gE)-module of highest weight λ, where U(gE) is the universal
enveloping algebra of the Lie algebra gE.
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LetD(G) be the locally Qp-analytic distribution algebra of G over E, which is defined to be
the strong dual of the locally convex topologicalE-vector spaceC la(G,E) of locallyQp-analytic
E-valued functions on G. Similarly, we define D(B), D(P ) with D(B) ⊂ D(P ) ⊂ D(G). Let
D(g, P ) be the smallest subring ofD(G) containing both U(gE) andD(P ), cf. [JLS24, §2.1.4].
We have a canonical embedding U(gE) ↪→ D(G) such that the center zE := Z(U(gE)) embeds
into the center Z(D(G)). We have the translation functor on z-finite D(G)-modules

T µλ : D(G)-modz-fin → D(G)-modz-fin, M 7→ pr|µ|(L(ν)⊗E pr|λ|(M))

whenever λ, µ ∈ t∗E are such that µ − λ lifts to an E×-valued algebraic character of T. Here,
pr|µ| is the projection to the generalized eigenspace of zE for its eigencharacter χµ determined
by the action of zE on the Verma module U(gE) ⊗U(bE) Eµ, and ν is the unique dominant
weight in the Weyl orbit of the integral weight ν := µ − λ ∈ t∗E. For any λ ∈ t∗E, let mχλ

:=
ker(χλ) ⊂ Z(U(gE)) be the maximal ideal given by the kernel of χλ. For a locally Qp-analytic
representation V of G on topological E-vector space of compact type, let V ′

b denote its strong
dual, which is naturally a separately continuous D(G)-module. For a locally Qp-analytic
representation V of P over E, let IndGP (V )la be the locally Qp-analytic parabolic induction

IndGP (V )la = {f : G→ V locally Qp-analytic |f(hg) = h.f(g), ∀g ∈ G, ∀h ∈ P} .
Remark 5.8. This is slightly more general than the setup of [JLS24], where the authors take
a split connected reductive groupH over F and consider locally F -analytic representations of
H(F ). We are taking F = Qp and H = ResKQp

(G) so that H(F ) = G, which may not be split
over Qp. But since we always consider locally Qp-analytic representations on E-vector spaces,
and H ×Qp E

∼=
∏

σ∈ΣK
G ×K,σ E is a split connected reductive group over E, the results in

[JLS24] can be proved in this case using the same arguments. Cf. [Bre16, §2] and [Dinb, §1].
Example 5.9. Here we generalize [JLS24, Example 4.1.4, Example 4.1.7]. Let τA : P → A×

be a locally Qp-analytic
7 character. Let dτA : p → A be the Qp-linear derivative of τA, which

induces an E-linear map dτA : pE → A that defines a U(pE)-module structure on A. More
generally, the locally analytic function τA ∈ C la(P,A) ∼= C la(P,E) ⊗E A induces an E-linear
map χτA : D(P ) = C la(P,E)′b → A. One can verify that χτA is an E-algebra map as τA is a
group homomorphism. LetM be a finitely generated A-module.

(i) We writeMτA for the P -representation given by the composite P
τA−→ A× → AutE(M),

which is also aD(P )-module by the compositeD(P )
χτA−−→ A→ EndE(M). Let (MτA)

∨ :=
HomE(MτA , E) be the E-linear dual on which P acts by the contragradient action.

(ii) We writeMdτA for the U(pE)-module structure onM given by the composite U(pE) ↪→
D(P )

χτA−−→ A→ EndE(M).
(iii) The induction U(gE)⊗U(pE)MdτA is a U(gE)-module equipped with a locallyQp-analytic

P -action given by the formula h(u⊗m) = Ad(h)(u)⊗ τA(h)m for h ∈ P, u ∈ U(gE) and
m ∈MdτA , where Ad denotes the adjoint action ofG on U(gE). The actions of U(gE) and
P are compatible in the sense that U(gE)⊗U(pE) MdτA is an object of the category OP,∞
[JLS24, §4.1.2], which is naturally a D(g, P )-module by [AS22, Lemma 7.4.2].

(iv) The same argument given in [JLS24, Example 4.1.7] shows that the inclusion U(gE) ↪→
D(g, P ) induces an A-linear isomorphism of D(g, P )-modules

U(gE)⊗U(pE) MdτA
∼−→ D(g, P )⊗D(P ) MτA ,

7Equivalently, a continuous character τA : P → A× by [Buz07, Proposition 8.3].
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and hence an A-linear isomorphism of D(G)-modules

F̌GP (U(gE)⊗U(pE) MdτA) := D(G)⊗D(g,P ) (U(gE)⊗U(pE) MdτA)
∼−→ D(G)⊗D(P ) MτA .

Lemma 5.10. For a finite A-module M and locally Qp-analytic character τA : P → A×, we
have the following isomorphism of D(G)-modules

(5.2.1) D(G)⊗D(P ) (MτA)
∨ ∼−→ (IndGP (MτA)

la)′b, (µ⊗ ℓ) 7→ (f 7→ µ(ℓ ◦ f))

for any distribution µ ∈ D(G), linear functional ℓ ∈ (MτA)
∨, and function f ∈ IndGP (MτA)

la.

Proof. SinceA is local Artinian andM is finitely generated overA,M is of finite length overA
with successive quotients given by A/mA

∼= E. Thus, the submoduleM [mA] is nonzero, and
any nonzerom ∈M [mA] generates a 1-dimensionalE-vector spaceAm = Em on which P acts
by the mod-mA reduction τ := (τA mod A) of τA. Consider

0→ Eτ →MτA → (M/Am)τA → 0,

which is an exact sequence of D(P )-modules.

(i) Applying the locally analytic parabolic induction and continuous dual, which are exact,
we get an exact sequence

0→ (IndGP ((M/Am)τA)
la)′b → (IndGP (MτA)

la)′b → (IndGP (Eτ )
la)′b → 0

of D(G)-modules.
(ii) Applying the exact E-linear dual and D(G)⊗D(P ) (−), we get a sequence

0→ D(G)⊗D(P ) ((M/Am)τA)
∨ → D(G)⊗D(P ) (MτA)

∨ → D(G)⊗D(P ) (Eτ )
∨ → 0

which is exact, since Tor
D(P )
1 (D(G), (M/Am)τA)

∨) = 0 by [ST05, Lemma 6.3(i)], where
the hypothesis (FIN) in loc. cit. is satisfied by (M/Am)τA)

∨, as (Eτ )
∨ ∼= Eτ−1 satisfies

(FIN) by [ST05, Lemma 6.5], (M/Am)τA)
∨ is a successive extension of (Eτ )

∨ as D(P )-
module, and (FIN) is stable under extensions by [Wei94, Horseshoe Lemma 2.2.8].

The natural map (5.2.1) defines a commutative diagram with exact rows

0 D(G)⊗D(P ) ((M/Am)τA)
∨ D(G)⊗D(P ) (MτA)

∨ D(G)⊗D(P ) (Eτ )
∨ 0

0 (IndGP ((M/Am)τA)
la)′b (IndGP (MτA)

la)′b (IndGP (Eτ )
la)′b 0

(5.2.1)

The quotientM/Am has shorter length thanM asA-module, hence we have by induction on
dimE(M) that (5.2.1) holds for (M/Am)τA . The validity of (5.2.1) when dimE(M) = 1 follows
from [ST05, Lemma 6.1(iv)]. By the 5-lemma, (5.2.1) holds forMτA . □

Remark 5.11. Suppose the local Artinian E-algebra A is Frobenius [Wei94, Definition 4.2.5],

i.e., there is anA-module isomorphismA
∼−→ A∨ = HomE(A,E). For any finite freeA-module,

we have (MτA)
∨ ∼= Mτ−1

A
as P -modules. For example, E[ε]/ε2 is a Frobenius E-algebra since

E[ε]/ε2 × E[ε]/ε2 → E, (a+ bε, c+ dε) 7→ ad+ bc

is an E[ε]/ε2-equivariant non-degenerate bilinear pairing, showing that E[ε]/ε2 ∼= (E[ε]/ε2)∨

as E[ε]/ε2-modules. We therefore have (AτA)
∨ ∼= Aτ−1

A
for A = E[ε]/ε2.
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Lemma 5.12. Let λ, µ ∈ t∗E be such that λ − µ is the weight of an algebraic character of T .
Let LP be the Levi subgroup of P , and Repsm

E (LP )
s-adm be the category of strongly admissible

smooth representations of LP . For any pair (M,V ) ∈ OP,∞ × Repsm
E (LP )

s-adm such thatM is
an A-module where A acts by D(g, P )-linear endomorphisms and F̌GP (M,V ) := D(G)⊗D(g,P )

(M ⊗E V ′
b ), there is a canonical A-linear isomorphism

T µλ (F̌
G
P (M,V ))

∼−→ F̌GP (T
µ
λ (M), V ))

of D(G)-modules that is natural inM and V .

Proof. The isomorphism comes from [JLS24, Theorem 4.1.12], and it is natural inM ∈ OP,∞
and V ∈ Repsm

E (LP )
s-adm. Since the A-actions on both sides are induced by that onM , which

commutes with the action ofD(g, P ), this isomorphism is A-linear by its naturality inM . □

Lemma 5.13. Let λ̃A, µ̃A : T → A× be locally Qp-analytic characters of T , let λ̃, µ̃ : T → E×

be their reductions modulo mA, with weights λ := dλ̃, µ := dµ̃ ∈ t∗E. Suppose that

(i) λ and µ are both anti-dominant,

(ii) ν̃ := µ̃A/λ̃A is an E×-valued algebraic character of T , and
(iii) the condition (4.2.8)8 of [JLS24] is satisfied by λ and µ.

Then, for any w ∈ W[λ] = W[µ] and finitely generated A-module M , there exists an A-linear
isomorphism of D(G)-modules

T µλ (D(G)⊗D(B) Mw·λ̃A)
∼= D(G)⊗D(B) Mw·µ̃A .

Here, the dot action of w ∈ W on the locally Qp-analytic character λ̃A : T → A× is defined

via the same formula given in [JLS24, §4.2.3], so that the mod-mA reduction of d(w · λ̃A) equals
d(w · λ̃) = w · λ, which is the usual dot action of w ∈W on the weight λ ∈ t∗E.

Proof. By Example 5.9(iv) and Lemma 5.12 (here we take V = E, the trivial representation of
LB = T ), it suffices to prove that we have an A-linear isomorphism of D(g, B)-modules

T µλ (U(gE)⊗U(bE) Md(w·λ̃A))
∼= U(gE)⊗U(bE) Md(w·µ̃A).

Let ν be the dominant weight in the Weyl orbit of ν := µ− λ, and let L(ν) be the irreducible
G-representation of highest weight ν. Recall that T µλ (N) = pr|µ|(L(ν)⊗E pr|λ|N). For NA :=
U(gE)⊗U(bE) Md(w·λ̃A), it is a successive extension of NA ⊗A E = U(gE)⊗U(bE) Md(w·λ̃), which

lies in U(gE)-mod|λ|. Since U(gE)-mod|λ| is stable under extensions, we get pr|λ|(NA) = NA.
Then, we filter L(ν)|B by B-stable subspaces with 1-dimensional graded pieces on which B

acts through algebraic characters ξ̃i : T → E× as in [JLS24, Proposition 4.2.10], where ξi ∈ t∗E
runs through all the weights of L(ν) counting multiplicities. Tensoring this filtration withNA,
we get a filtration on L(ν) ⊗E NA by D(g, B)-submodules with graded pieces D(g, B) ⊗D(B)

(Eξ̃i ⊗EMw·λ̃A) = D(g, B)⊗D(B) (Mξ̃i(w·λ̃A))
∼= U(gE)⊗U(bE)Mξi+d(w·λ̃A), by Example 5.9(iv).

Since pr|µ| is exact, T
µ
λ (NA) has a filtration with graded pieces pr|µ|(U(gE)⊗U(bE) Mξi+d(w·λ̃A))

appearing with multiplicity dimE(L(ν)ξi) for each ξi. Again because the mod-mA reduction of
U(gE)⊗U(bE)Mξi+d(w·λ̃A), and hence U(gE)⊗U(bE)Mξi+d(w·λ̃A) itself, lies in U(gE)-mod|ξi+w·λ|,

its projection to U(gE)-mod|µ| is nonzero if and only if ξi +w · λ lies in the orbit of µ under the
dot-action ofW . Under the assumed condition (4.2.8) of [JLS24], by [JLS24, Corollary 4.2.9],

8It states that “µ♮ lies in the closure of the facet F ⊂ E (λ) which contains λ♮.”
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ξi +w · λ lies in the orbit of µ under the dot-action ofW if and only if ξi = w(ν), in which case
we have multiplicity dimE(L(ν)w(ν)) = dimE(L(ν)ν) = 1. Therefore,

T µλ (U(gE)⊗U(bE) Md(w·λ̃A)) = pr|µ|(U(gE)⊗U(bE) Mw(ν)+d(w·λ̃A))

= U(gE)⊗U(bE) Mw(ν)+d(w·λ̃A)

∼= D(g, B)⊗D(B) Mw(ν̃)(w·λ̃A)

= D(g, B)⊗D(B) Mw·µ̃A
∼= U(gE)⊗U(bE) Md(w·µ̃A),

is the desired isomorphism of D(g, B)-module, which is A-linear as each step is A-linear. □

5.3. Ding’s correspondence and the proof of Theorem B. Let K/Qp be a finite exten-
sion. Following [Din25], we take G = GLn,K in the setup of §5.2, with B the upper triangular
Borel subgroup containing T the diagonal torus in G. Let B− be the lower triangular Borel
subgroup. Then G = G(K) = GLn(K) ⊃ B = B(K) ⊃ T = T(K) and B− = B−(K).

Let D ∈ ΦΓnc(ϕ,h) be non-critical crystabelline of regular Sen weights h = (h1,σ > · · · >
hn,σ)σ∈ΣK

. Let k = (ki,σ) ∈ (Nn)ΣK and let pk(D) be obtained from D by pk =
∏

i,σ p
ki,σ
i,σ such

that the resulting weights h′ = (h′1,σ > · · · > h′n,σ)σ∈ΣK
are still regular. In this subsection, we

recall the constructions of πmin(D) ⊂ πfs(D) from [Din25] and prove Theorem B from §1.1.6.

5.3.1. We recall Ding’s parameter map κw on trianguline deformation spaces ofD toE[ε]/ε2.
For any refinementw ∈ Sn ofϕ, let Fil•w(D) be the corresponding non-critical triangulation ofD

whose triangulation parameters are δw,i = ϕw(i)
∏

σ∈ΣK
x
hi,σ
σ for 1 ≤ i ≤ n. Let Ext1w(D,D) ⊂

Ext1(D,D) be the subspace of Fil•w(D)-trianguline deformations toRK,E[ε]/ε2 , cf. Remark 5.3
and Definition 5.4(ii). Since ϕ is generic, we can apply Lemma 5.2(ii) to conclude that on any

deformation D̃ ∈ Ext1w(D,D), there is a unique triangulation Fil•(D̃) that lifts Fil•w(D). The

graded pieces of Fil•(D̃) deformRK,E(δw,i), and hence are of the formRK,E[ε]/ε2(δw,i(1 +ψiε))
for continuous characters ψi ∈ Hom(K×, E) by Proposition 5.7. The tuple ψ := (ψ1, . . . , ψn)
defines a continuous character ψ : T → E, and following [Din25, (2.12)] we define

κw : Ext1w(D,D)→ Hom(T,E), D̃ 7→ ψ,

which is an E-linear map by Proposition 5.7. By [Din25, Proposition 2.10, Lemma 2.11], κw is
surjective, and the subspace ker(κw) of Ext

1(D,D) is independent of w ∈ Sn. We denote this
common subspace by Ext10(D,D). For any subspace X ⊂ Ext1(D,D) containing Ext10(D,D),
we write X := X/Ext10(D,D) for the quotient. Thus, we get an isomorphism

κw : Ext
1

w(D,D)
∼−→ Hom(T,E).

The sum over all refinements generates the full deformation space: the diagram⊕
w∈Sn

Ext1w(D,D) Ext1(D,D)

⊕
w∈Sn

Ext
1

w(D,D) Ext
1
(D,D)

commutes with surjective rows and columns, by [Din25, Proposition 2.12]
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Lemma 5.14. The operation pk induces an E-linear isomorphism

pk : Ext1(D,D)
∼−→ Ext1(pk(D), pk(D))

such that for every refinement w, it restricts to

pk : Ext1w(D,D)
∼−→ Ext1w(pk(D), pk(D)).

Moreover, the following diagram is commutative

Ext1w(D,D) Hom(T,E)

Ext1w(pk(D), pk(D)) Hom(T,E)

κw

pk id

κw

In other words, the pullback pk does not change the parameter ψ.

Proof. Under the identification of Ext1(D,D) with deformations of D to E[ε]/ε2 in Remark
5.3, sinceD is of regular integral weights h and SpE is the only closed point of Sp(E[ε]/ε2]), for

any D̃ ∈ Ext1(D,D), the (φ,ΓK)-module pk(D̃) equals fh,h′(D̃) for the change of weights map
fh,h′ : (Xn)

∧
h → (Xn)

∧
h′ of [Wu, §1.3]. To verify the properties, by induction we may assume

pk = pi,σ for some i and σ, as in Theorem 4.10(i). By Theorem 4.10(iii), pi,σ is bijective. As for

E-linearity, for D̃ ∈ Ext1(D,D), we have a commutative diagram with exact rows

0 D D̃ D 0

0 pi,σ(D) pi,σ(D̃) pi,σ(D) 0

where the vertical arrows are inclusions. For a ∈ E, applying pushout by multiplication by a

on the subobjects, we see that pi,σ(a[D̃]) = a[pi,σ(D̃)]. As for additivity, we need to show that

for any D̃1, D̃2 ∈ Ext1(D,D) of the form

0→ D
i1−→ D̃1

π1−→ D → 0, 0→ D
i2−→ D̃2

π2−→ D → 0

the Baer sums satisfy

pi,σ(D̃1 + D̃2) = pi,σ(D̃1) + pi,σ(D̃2).

Since both sides are (φ,ΓK)-submodules of the Baer sum D̃1 + D̃2 containing tσ(D̃1 + D̃2),

by Theorem 4.10(i) it is enough to show that their Sen polynomials are equal. For D̃ ∈
Ext1(D,D), its Sen polynomial PSen,D̃(T ) ∈ (E[ε]/ε2)[T ] reduces modulo ε to the Sen polyno-

mial PSen,D(T ) =
∏

τ∈ΣK

∏n
j=1(T − hj,τ ) ∈

∏
τ∈ΣK

E[T ] ∼= (K ⊗Qp E)[T ] of D. Since E[ε]/ε2

is (ε)-adically complete, Hensel’s lemma applies to show that

PSen,D̃(T ) =
∏
τ∈ΣK

n∏
j=1

(T − (hj + aj,τε))

for some aj,τ ∈ E. Suppose for l = 1, 2, PSen,D̃l
(T ) =

∏
τ∈ΣK

∏n
j=1(T − (hj + a

(l)
j,τε)) for some

a
(l)
j,τ ∈ E. We show that PSen,D̃1+D̃2

(T ) =
∏

τ

∏
j(T − (hj+(a

(1)
j,τ +a

(2)
j,τ )ε)), from which it would

follow that pi,σ(D̃1 + D̃2) = pi,σ(D̃1) + pi,σ(D̃2). Since DSen,τ is exact, for l = 1, 2, we can
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write DSen,τ (D̃l) = εDSen,τ (D) ⊕DSen,τ (D) as free K∞ ⊗K,τ (E[ε]/ε2)-module of rank n. Let
{e1,τ , . . . , en,τ} be an eigenbasis of the τ -Sen operator Θτ on DSen,τ (D). Then, {e1,τ , . . . , en,τ}
is a K∞ ⊗K,τ (E[ε]/ε2)-basis of DSen,τ (D̃l) on which the τ -Sen operator Θ̃τ acts by Θ̃τ (ej,τ ) =

(hj,τ + a
(l)
j,τε)ej,τ . The τ -Sen module of D̃1 + D̃2 is a Baer sum of τ -Sen modules:

DSen,τ (D̃1 + D̃2) = DSen,τ (D̃1) +DSen,τ (D̃2)

=
{
(x1, x2) ∈ DSen,τ (D̃1)⊕DSen,τ (D̃2)

∣∣∣π1(x1) = π2(x2)
}
/ {εr,−εr|r ∈ DSen,τ (D)} ,

which has a K∞ ⊗K,τ (E[ε]/ε2)-basis represented by the classes of {(ej,τ , ej,τ )|1 ≤ j ≤ n} on
which the τ -Sen operator Θ̃τ acts by

Θ̃Sen,τ ([ej,τ , ej,τ ]) = [(hj,τ + a
(1)
j,τ ε)ej,τ , (hj,τ + a

(2)
j,τ ε)ej,τ ]

= [(hj,τ + (a
(1)
j,τ + a

(2)
j,τ )ε)ej,τ , hj,τej,τ ]

= (hj + (a
(1)
j,τ + a

(2)
j,τ )ε)[ej,τ , ej,τ ].

Hence, PSen,D̃1+D̃2
(T ) =

∏
τ

∏
j(T − (hj + (a

(1)
j,τ + a

(2)
j,τ )ε)), and the isomorphism

pi,σ : Ext1(D,D)
∼−→ Ext1(pi,σ(D), pi,σ(D))

is E-linear. For each trianguline deformation D̃ ∈ Ext1w(D,D), pi,σ(D̃) is given by a pullback
using the unique lifting of Fil•w(D) and belongs to Ext1w(pi,σ(D), pi,σ(D)) by construction.

Moreover, the resulting triangulation on pi,σ(D̃) has parameters xσδw,j(1 + ψjε), from which

we see that κw(pi,σ(D̃)) = (ψ1, . . . , ψn) = κw(D̃). □

Consequently, pk preserves the subspace Ext10(D,D) and induces an isomorphism

pk : Ext
1
(D,D)

∼−→ Ext
1
(pk(D), pk(D)).

Thus we have a natural commutative diagram

(5.3.1)

⊕
w∈Sn

Ext
1

w(D,D) Ext
1
(D,D)

⊕
w∈Sn

Ext
1

w(pk(D), pk(D)) Ext
1
(pk(D), pk(D))

pk pk

5.3.2. Translation. We fix notations for weights and translation functor on the automorphic
side. Recall that G = G(K) = GLn(K) ⊃ B = B(K) ⊃ T = T(K) and B− = B−(K). Let

ρ :=

(
n− 1

2
,
n− 3

2
, . . . ,

1− n
2

)
σ∈ΣK

∈ EΣK

be the half-sum of positive roots ofGwith respect toB. Then, the half-sum of the positive roots
with respect toB− is ρ− := −ρ. TheWeyl group of ResKQp

(G) isW ∼= SΣK
n , whose elementw =

(wσ)σ acts on t∗E =
∏

σ∈ΣK
t∗ ⊗K,σ E componentwise. Let θ := (0,−1, . . . , 1− n)σ∈ΣK

∈ ZΣK ,

which differs from ρ by a central character n−1
2
(1, . . . , 1). So, we can compute the dot-action

w · λ := w(λ+ ρ)− ρ = w(λ+ θ)− θ of Weyl group on weights λ ∈ t∗E using either ρ or θ.
For locallyQp-analytic representations of GLn(K) on compact typeE-vector spaces (all rep-

resentations later in this article are of compact type), [Dinb, Lemma 3.9] relates the translation
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functor on those V that admit an infinitesimal character of zE with the translation functor on
the strong dual V ′

b : the following diagram commutes for any integral weights µ, λ ∈ t∗E,

(5.3.2)

D(G)-modzE=χλ∗ D(G)-modzE=χµ∗

Repla(G)zE=χλ
Repla(G)zE=µλ

Tµ∗
λ∗

Tµ
λ

(−)′b (−)′b

where the vertical maps are taking the strong dual, which induce an anti-equivalence of cate-
gories from locally analytic representations ofG on compact typeE-vector spaces to separately
continuous D(G)-modules on nuclear Fréchet spaces, cf. [ST02, Cor. 3.3], and λ∗ = −w0λ
is the dual highest weight with w0 ∈ W the longest Weyl group element, cf. [Bou75, VIII,
§7, no 5, prop. 11]. We will use the same compatibility for objects with bounded generalized
infinitesimal character. Namely, if a compact-type locally analytic representation V is killed
by a power mN

χλ
of the maximal ideal corresponding to χλ, then its strong dual V ′

b is killed

by the corresponding power mN
χ−w0λ

. Since strong duality and translation functors are exact

on the relevant zE-finite categories, [Dinb, Lemma 3.9] extends to this bounded generalized
setting by dévissage on N . In the applications below, N ≤ 2, because the principal series are
deformations over E[ε]/ε2.

Lemma 5.15. Let λ′ := h′−θ and λ := h−θ. The translation functors T λ
′∗

λ∗ and T λ
′

λ in (5.3.2)
are equivalence of categories.

Proof. It is enough to show that T λ
′∗

λ∗ : D(G)-mod|λ∗| −→ D(G)-mod|λ′∗| is an equivalence of

categories, for which we use [JLS24, Theorem 1]. Note that T λ
′∗

λ∗ = Tw0·λ′∗
w0·λ∗ because w0 · λ′∗ −

w0 · λ∗ = w0(λ
′∗ − λ∗). Then, w0 · λ′∗ − w0 · λ∗ = λ − λ′ lifts to an algebraic character of T,

both w0 · λ′∗ and w0 · λ∗ are anti-dominant, and both of them have the same (trivial) stabilizer
for the dot-action as h,h′ are regular. Hence, [JLS24, Theorem 1] applies to yield that

Tw0·λ′∗
w0·λ∗ = T λ

′∗

λ∗ : D(G)-mod|λ∗| −→ D(G)-mod|λ′∗|

is an equivalence of categories. □

5.3.3. Principal series. We recall the deformations to E[ε]/ε2 on the locally analytic side con-
sidered in [Din25, §3.1.2]. For any w ∈ Sn, we define the locally analytic principal series

PS(w(ϕ),h) := IndGB−(w(ϕ)ηzλ)la,

where zλ : T → E×, (z1, . . . , zn) 7→
∏n

i=1

∏
σ∈ΣK

σ(zi)
λi,σ is the algebraic character of weight

λ, and η := 1⊠ | · |K ⊠ · · ·⊠ | · |n−1
K = | · |−1

K ◦ θ is a smooth character added for the purpose of
normalization. By [Din25, Proposition 3.1(2)], theGLn(K)-socle ofPS(w(ϕ),h) is independent
of the choice of w ∈ Sn, and the socle is locally algebraic, given by

πalg(ϕ,h) := IndGB−(ϕ · η)∞ ⊗E L(λ)

where IndGB−(−)∞ denotes the smooth parabolic induction, and L(λ) is the algebraic represen-
tation ofG of highest weight λwith respect toB. For ψ ∈ Hom(T,E), let iw,h(ψ) be the locally
analytic self-extension of PS(w(ψ),h) given by the locally analytic principal series

iw,h(ψ) := IndGB−(w(ϕ)ηzλ(1 + ψε))la
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with coefficients in E[ε]/ε2, cf. §5.2, whose strong dual is isomorphic to

D(G)⊗D(B−) (E[ε]/ε
2)(w(ϕ)ηzλ(1+ψε))−1

by Lemma 5.10 and Remark 5.11. From this tensor product description, we deduce that

iw,h : Hom(T,E)→ Ext1G(PS(w(ϕ),h),PS(w(ϕ),h))

is an E-linear map.

Proposition 5.16. For any w ∈ Sn and ψ ∈ Hom(T,E), we have T λ
′

λ (iw,h(ψ)) ∼= iw,h′(ψ).
That is, the following diagram is commutative:

(5.3.3)

Hom(T,E) Ext1G(PS(w(ϕ),h),PS(w(ϕ),h))

Hom(T,E) Ext1G(PS(w(ϕ),h
′),PS(w(ϕ),h′))

iw,h

id Tλ′
λ

iw,h′

Proof. By (5.3.2), it suffices to prove the statement for the strong duals as D(G)-modules:

T λ
′∗

λ∗

(
D(G)⊗D(B−) (E[ε]/ε

2)(w(ϕ)ηzλ(1+ψε))−1

) ∼= D(G)⊗D(B−) (E[ε]/ε
2)(w(ϕ)ηzλ′ (1+ψε))−1 ,

which we will reduce to Lemma 5.13.
For this purpose, it is necessary to translate the language from the upper triangular Borel

B to lower triangular Borel B−. For w ∈ W and ξ ∈ t∗E, the Weyl dot-action with respect to
B− is given by w·ξ = w(ξ + ρ−) − ρ−. By the independence of the twisted Harish-Chandra
isomorphism of the choice of the system of positive roots [KV95, p. 290] and the definition of
the twisted Harish-Chandra isomorphism, one verifies (using the positive roots with respect to
B and the positive roots with respect to B−) that for any weight ξ ∈ t∗E, the eigencharacter χξ
of zE on the Vermamodule U(gE)⊗U(bE)Eξ coincides with the eigencharacter χ

−
w0ξ

of zE on the

opposite Verma module U(gE)⊗U(b−E) Ew0ξ. For any ξ1, ξ2 ∈ t∗E, let T
ξ2
ξ1
denote the translation

functor with respect to B−. Then, we have T
ξ2
ξ1
= Tw0ξ2

w0ξ1
.

Therefore, we have T λ
′∗

λ∗ = T−w0λ′

−w0λ
= T

−λ′
−λ = T

w0·(−λ′)
w0·(−λ) and we need to show that

T
w0·(−λ′)
w0·(−λ)

(
D(G)⊗D(B−) (E[ε]/ε

2)w0·w0·(w(ϕ)−1η−1z−λ(1−ψε))
)

∼= D(G)⊗D(B−) (E[ε]/ε
2)w0·w0·(w(ϕ)−1η−1z−λ′ (1−ψε)),

which will follow from Lemma 5.13 by taking A = E[ε]/ε2, λ̃A = w0·(w(ϕ)−1η−1z−λ(1− ψε)),
µ̃A = w0·(w(ϕ)−1η−1z−λ

′
(1− ψε)), and w = w0 ∈ W[dλ̃A mod ε] = W[dµ̃A mod ε] = W . It remains

to check that the hypotheses of Lemma 5.13 are satisfied by the above choices. For (i), since h
and h′ are regular, bothw0·(−λ) = −w0(h)+θ andw0·(−λ′) = −w0(h

′)+θ are anti-dominant
with respect to B−. For (ii), the ratio

µ̃A/λ̃A =
w0·(w(ϕ)−1η−1z−λ

′
(1− ψε))

w0·(w(ϕ)−1η−1z−λ(1− ψε))
= w0(z

λ−λ′) = zw0(λ−λ′)

is an E×-valued algebraic character of T(K). For (iii), both (w0·(−λ))♮ and (w0·(−λ′))♮ lie in
the same openB−-anti-dominant chamber in the Euclidean spaceR⊗ZΦ, for Φ the root system
of (gE, tE), cf. [JLS24, §4.2.3], because h and h′ are regular. Hence, Lemma 5.13 applies. □
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Recall from [Din25, Proposition 3.1] that the irreducible components of PS(w(ϕ),h) are

FGB−(L−(−u · λ), w(ϕ)η) =
(
D(G)⊗D(g,B−) (L

−(−u · λ)⊗E (w(ϕ)η)−1)
)′
b

cf. [JLS24, Remark 4.1.11], for w ∈ Sn and u = (uσ)σ ∈ W = SΣK
n , where L−(−u · λ) is the

unique simple quotient ofU(gE)⊗U(b−E)E−u·λ, [Din25, §3.1.1]. We denote these representations

byC (ϕ,h)(w, u) := FGB−(L−(−u ·λ), w(ϕ)η) to emphasize their dependence on ϕ and the weight
h. By Lemma 5.15 and [JLS24, Proposition 4.2.10], we have

(5.3.4) T λ
′

λ (C (ϕ,h)(w, u)) ∼= C (ϕ,h′)(w, u)

sinceL−(−u ·λ) is the unique simple quotient ofU(gE)⊗U(b−E)E−u·λ and T
λ′

λ is an equivalence of

categories. Then, following [Din25, (3.2)], we let PS1(w(ϕ),h) be the unique subrepresentation
of PS(w(ϕ),h) of socle πalg(ϕ,h) = C (ϕ,h)(w, id) and cosocle

⊕
1≤i≤n−1
σ∈ΣK

C (ϕ,h)(w, si,σ), where

si,σ denotes the element of W = SΣK
n that is the simple reflection si at the σ-component and

trivial elsewhere. By its uniqueness, (5.3.4), Lemma 5.15 and Proposition 5.16, we deduce

(5.3.5) T λ
′

λ (PS1(w(ϕ),h)) ∼= PS1(w(ϕ),h
′).

By [Din25, (3.3)], the amalgamated sum
⊕w∈Sn

πalg(ϕ,h)
PS1(w(ϕ),h) has a unique subquotient of

socle πalg(ϕ,h), and this subquotient is denoted π1(ϕ,h). By its uniqueness, (5.3.4), (5.3.5)
and Lemma 5.15, we deduce that

(5.3.6) T λ
′

λ (π1(ϕ,h)) ∼= π1(ϕ,h
′).

After [Din25, Remark 3.9], we denote by π(ϕ,h) the unique quotient of
⊕w∈Sn

πalg(ϕ,h)
PS1(w(ϕ),h)

of socle πalg(ϕ,h). We similarly deduce that

(5.3.7) T λ
′

λ (π(ϕ,h)) ∼= π(ϕ,h′).

Following [Din25, (3.11)], for each w ∈ Sn we define
ζw,h,1 : Hom(T,E)→ Ext1G(πalg(ϕ,h), π1(ϕ,h)),

firstly sending ψ ∈ Hom(T,E) to iw,h(ψ) ∈ Ext1G(PS(w(ϕ),h),PS(w(ϕ),h)), and then pulling
it back along the embedding πalg(ϕ,h) ↪→ PS1(w(ϕ),h) to

Ext1G(πalg(ϕ,h),PS1(w(ϕ),h)) ∼= Ext1G(πalg(ϕ,h),PS(w(ϕ),h)),

where the isomorphism is induced by pushout along PS1(w(ϕ),h) ↪→ PS(w(ϕ),h)), and finally
pushing it forward to Ext1G(πalg(ϕ,h), π1(ϕ,h)) along PS1(w(ϕ),h)) ↪→ π1(ϕ,h). The same
construction, using π(ϕ,h) instead of π1(ϕ,h), gives the version

ζw,h : Hom(T,E)→ Ext1G(πalg(ϕ,h), π(ϕ,h)).

By [Din25, Remark 3.9], the pushforward along π1(ϕ,h) ↪→ π(ϕ,h) is an isomorphism

Ext1G(πalg(ϕ,h), π1(ϕ,h))
∼= Ext1G(πalg(ϕ,h), π(ϕ,h)).

By [Din25, (3.17)], both ζw,h,1 and ζw,h are E-linear injections, and we denote their images by

Ext1w(πalg(ϕ,h), π1(ϕ,h))
∼= Ext1w(πalg(ϕ,h), π(ϕ,h)).

Since T λ
′

λ is an equivalence of categories, it commutes with pullbacks and pushforwards. Thus,
together with Lemma 5.14 and Proposition 5.16, we deduce the following corollary.
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Corollary 5.17. (i) For any w ∈ Sn and • = 1 or empty, we have a commutative diagram

Hom(T,E) Ext1G(πalg(ϕ,h), π•(ϕ,h))

Hom(T,E) Ext1G(πalg(ϕ,h
′), π•(ϕ,h

′))

id

ζw,h,•

Tλ′
λ

ζw,h′,•

(ii) For any w ∈ Sn and • = 1 or empty, we have a commutative diagram

Ext
1

w(D,D) Ext1G(πalg(ϕ,h), π•(ϕ,h))

Ext
1

w(pk(D), pk(D)) Ext1G(πalg(ϕ,h
′), π•(ϕ,h

′))

pk

ζw,h,•◦κw

Tλ′
λ

ζw,h′,•◦κw

(iii) For • = 1 or empty, we have a commutative diagram⊕
w∈Sn

Ext
1

w(D,D)
⊕

w∈Sn
Ext

1

w(pk(D), pk(D))

⊕
w∈Sn

Ext1w(πalg(ϕ,h), π•(ϕ,h))
⊕

w∈Sn
Ext1w(πalg(ϕ,h

′), π•(ϕ,h
′))

Ext1G(πalg(ϕ,h), π•(ϕ,h)) Ext1G(πalg(ϕ,h
′), π•(ϕ,h

′))

pk

ζw,h,•◦κw ζw,h′,•◦κw

Tλ′
λ

sum sum

Tλ′
λ

where the amalgamation maps “sum” are surjective by [Din25, Proposition 3.8(2)].

5.3.4. Universal extension. Wediscuss the notion of “universal representation” in general. Let
E be a field, and let D be an E-linear abelian category with objects A and B. Then, to any
finite dimensional E-linear subspaceW of Ext1D(A,B), one can attach a “universal extension”
EW -univ of A⊗E W (∼= AdimE W ) by B, satisfying the property that for any extension

0→ B → Ee → A→ 0

with corresponding class e ∈ W ⊂ Ext1D(A,B), the map αe : A→ A⊗EW,a 7→ a⊗ e induces
α∗
e : Ext

1
D(A⊗E W,B)→ Ext1D(A,B)

such that the pullback α∗
e(EW -univ) is precisely Ee.

Proposition 5.18. (i) Abstractly, this extension EW -univ is the image of the inclusion map

iW : W ↪→ Ext1D(A,B)

under the canonical isomorphisms

iW ∈ HomE(W,Ext
1
D(A,B))

∼←−−
can

Ext1D(A,B)⊗E W∨ ∼−−→
can

Ext1D(A⊗E W,B) ∋ EW -univ

where the first map is a canonical isomorphism for finite dimensionalW , and the second
map is defined as follows: given Ee ∈ Ext1D(A,B) and a linear functional f ∈ W∨, we
pullback Ee via βf : A⊗W → A, a⊗ w 7→ f(w)a to β∗

f (Ee) ∈ Ext1D(A,B), which defines

Ext1D(A,B)⊗E W∨ ∼−−→
can

Ext1D(A⊗E W,B), Ee ⊗ f 7→ β∗
f (Ee)
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with its inverse given by

Ext1D(A⊗E W,B)
∼−−→
can

HomE(W,Ext
1
D(A,B)), E 7→ (e 7→ α∗

e(E)).

(ii) Concretely, choose anyE-basis {e1, . . . , ed} ofW , corresponding to extensionsE1, . . . , Ed ∈
Ext1D(A,B). Form the pushout of E1, . . . , Ed over the common objectB, denoted

⊕1≤i≤d
B Ei:(

0→ B →
1≤i≤d⊕
B

Ei →
d⊕
i=1

Aei ∼= A⊗E W → 0

)
∈ Ext1D(A⊗E W,B).

Then,
⊕1≤i≤d

B Ei ∼= EW -univ is the universal extension associated toW .

Proof. For any e ∈ W , the inclusion ie : E ↪→W, 1 7→ e induces a commutative diagram:

HomE(W,Ext
1
D(A,B)) Ext1D(A,B)⊗E W∨ Ext1D(A⊗E W,B)

HomE(E,Ext
1
D(A,B)) Ext1D(A,B)⊗E E∨ Ext1D(A⊗E E,B)

∼

i∗e

∼

id⊗i∨e α∗
e

∼ ∼

Keeping track of the element iW ∈ HomE(W,Ext
1
D(A,B)) proves (i).

As for the second statement, we have a commutative diagram of E-linear isomorphisms

HomE(W,Ext
1
D(A,B)) Ext1D(A,B)⊗E W∨ Ext1D(A⊗E W,B)

⊕d
i=1HomE(E,Ext

1
D(A,B))

⊕d
i=1 Ext

1
D(A,B)⊗E E∨ ⊕d

i=1 Ext
1
D(A⊗E E,B)

∼

⊕d
i=1 i

∗
ei

≃

∼

⊕d
i=1(id⊗i∨ei )≃

⊕d
i=1 α

∗
ei

≃

∼ ∼

for the chosen basis {e1, . . . , ed} ofW . Recall that the pushout
⊕1≤i≤d

B Ei sitting in

0→ B →
1≤i≤d⊕
B

Ei →
d⊕
i=1

Aei ∼= A⊗E W → 0

is by construction such that α∗
ej

(⊕1≤i≤d
B Ei

)
= Ej for each 1 ≤ j ≤ d. Hence, it corresponds to

iW ∈ HomE(W,Ext
1
D(A,B)), and it equals the universal extension attached toW by (i). □

5.3.5. Ding’s correspondence and the proof of TheoremB. Wenow recall Ding’s construction of
locally Qp-analytic GLn(K)-representations πmin(D) and πfs(D) attached to D ∈ ΦΓnc(ϕ,h),
and then give a proof of Theorem B. By [Din25, Theorem 3.21], there is a unique E-linear map

tD : Ext1G(πalg(ϕ,h), π1(ϕ,h)) ↠ Ext
1
(D,D)

characterized by the property that the following diagram is commutative

(5.3.8)

⊕
w∈Sn

Ext
1

w(D,D)
⊕

w∈Sn
Ext1w(πalg(ϕ,h), π1(ϕ,h))

Ext
1
(D,D) Ext1G(πalg(ϕ,h), π1(ϕ,h))

ζw,h,1◦κw
∼

sum sum

tD

The same map tD is used when π1(ϕ,h) is replaced by π(ϕ,h), given [Din25, (3.16)]. In [Din25,
below Lemma 3.23], Ding defines πmin(D) as the universal extension Eker(tD)-univ of ker(tD)⊗E
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πalg(ϕ,h) by π1(ϕ,h) and defines πfs(D) as the universal extension of ker(tD)⊗E πalg(ϕ,h) by
π(ϕ,h) in the sense of §5.3.4. Then, πfs(D) ∼= πmin(D)⊕π1(ϕ,h) π(ϕ,h) by [Din25, (3.24)].

Proposition 5.19. For • = 1 or empty, we have a commutative diagram

Ext
1
(D,D) Ext1G(πalg(ϕ,h), π•(ϕ,h))

Ext
1
(pk(D), pk(D)) Ext1G(πalg(ϕ,h

′), π•(ϕ,h
′))

pk

tD

Tλ′
λ

tpk(D)

Proof. Consider the following cube whose “front” face is the square in the statement⊕
w∈Sn

Ext
1

w(D,D)
⊕

w∈Sn
Ext1w(πalg(ϕ,h), π•(ϕ,h))

Ext
1
(D,D) Ext1G(πalg(ϕ,h), π•(ϕ,h))

⊕
w∈Sn

Ext
1

w(pk(D), pk(D))
⊕

w∈Sn
Ext1w(πalg(ϕ,h

′), π•(ϕ,h
′))

Ext
1
(pk(D), pk(D)) Ext1G(πalg(ϕ,h

′), π•(ϕ,h
′))

sum

ζw,h,•◦κw
≃

pk sum
Tλ′
λ

pk

tD

Tλ′
λ

sum

ζw,h′,•◦κw
≃

sum

tpk(D)

All other five faces commute either by Corollary 5.17(iii) or by definition. Since the map

sum :
⊕
w∈Sn

Ext1w(πalg(ϕ,h), π•(ϕ,h)) ↠ Ext1G(πalg(ϕ,h), π•(ϕ,h))

is surjective by [Din25, Proposition 3.8(2)], it follows that all faces are commutative. □

Since T λ
′

λ is an exact equivalence of categories, it induces an isomorphism

Ext1G(πalg(ϕ,h), π•(ϕ,h))
∼−→ Ext1G(πalg(ϕ,h

′), π•(ϕ,h
′))

and sends the universal extension associated to a subspaceW ⊂ Ext1G(πalg(ϕ,h), π•(ϕ,h)) to
the universal extension associated to T λ

′

λ (W ). By Proposition 5.19, we have

T λ
′

λ (πmin(D)) = πmin(pk(D)) and T λ
′

λ (πfs(D)) = πfs(pk(D)).

This completes the proof of Theorem B.

Data availability. We do not analyse or generate any datasets, because our work proceeds
within a theoretical and mathematical approach. One can obtain the relevant materials from
the references below.
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groups”. Astérisque 324 (2009), pp. xii+314.

[Ber08a] Laurent Berger. “Construction de (ϕ,Γ)-modules: représentations p-adiques et B-
paires”. Algebra Number Theory 2.1 (2008), pp. 91–120.
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