CHANGE OF WEIGHTS OPERATIONS FOR TRIANGULATED
(¢,T)-MODULES

ZICHUAN WANG

ABSTRACT. Wu has shown the existence of “change of weights” operation on (¢, I')-modules in
families, [Wu, Prop. 3.16]. We interpret it in the trianguline case as pullbacks with a discussion
on related stacks. Finally, we prove that it intertwines well with translation functors via a 1-1
correspondence defined by Ding [Din25] in the non-critical crystabelline case.
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1.1. Background and main results. Under the locally analytic p-adic Langlands correspon-
dence of GLy(Q,) established in [Col16], the papers [JLS24] and more generally [Dina] studied
certain “change of weights” operations on 2-dimensional p-adic Gg,-representations (or rather,
(¢, I')-modules of rank 2 over the Robba ring) that were shown to correspond to translation
functors ([HumO08]) on the side of locally analytic representations of GLy(Q,). Then, such
operations were generalized by Wu to families of (¢, I')-modules of rank 2 over rigid spaces in
[Wu]. The paper [Col19] can be seen as a precursor of these techniques and results (even though

the connection to translation functors is not considered there).
1



1.1.1. Change of weights for triangulated (o, T )-modules. 1t is natural to ask for a general
theory of “change of weights” for (¢, I )-modules. For GLy(Q,,), using the basic constructions
in the p-adic Langlands correspondence of Colmez, Ding equipped (¢, I'g, )-modules D of rank
2 over the Robba ring Rq, .z with gl,(Q,)-module structures, equipped D ®f Sym*(E?) with
natural gl,(Q,)-module and (¢, I'g, )-module structures, and developed a theory of change of
weights in [Dina).

Forn > 2 or alarger base field K # Q,, it is unclear to us how to equip (¢, I'x )-modules over
Rk, p with gl (K)-module structures, but we always have pullback and pushforward operations
in the category of pairs (D, Fil*(D)), where D is a trianguline (¢, ['x)-module and Fil*(D) is a
triangulation on D, i.e., a filtration of D with successive quotients of rank 1. The bijectivity of
their induced maps between the cohomology groups in [Col08, Theorem 2.22(i)] is reminiscent
of the fact in [Hum08, §7.8] that translation functors between dominant integral weights of the
same regularity are equivalences of categories, which motivated us to consider pullback and
pushforward operations as some kind of “change of weights” operations.

More precisely, given a triangulated (o, I')-module (D, Fil*(D)) of rank n over R 4 with

Fil°(D) =0 C Fil'(D) € --- C Fil"(D) = D,

where A is any affinoid algebra over a finite extension F/Q, and Fil'(D) are saturated (p, 'k )-
submodules of D, for 0 < j < n we consider the extension

0 — Fi/(D) = D — D/Fil/(D) — 0.
Let ¥k be the set of embeddings from K to E. We always assume that |[Xx| = [K : Q,]. For

any k = (k,)o € N*% let t* := ], pthk € R, cf. [KPX14, Notation 6.2.7]. Then," we
can pullback D along t*(D/Fil’(D)) C D/Fil’(D) to get a subobject py (D, Fil’ (D)) of D:

0 — Fil(D) — p(D, Fil/ (D)) — t*(D/Fil’ (D)) — 0.

Note that if (h; ,)1<i<no € (A”)Eff are the Sen weights of D, with (hiy)s € A¥K being the Sen
weights of the (¢, 'k )-module Fil'(D)/Fil' (D) of rank 1 for 1 < i < n, then

W ifi<j
Y N hig ke ifi> g

are the Sen weights of py (D, Fil’(D)) of D.

One can then ask whether these weight-shifting operations descend to the category of trian-
guline (¢, 'k )-modules (without fixing a filtration). But it is easy to see that in general they
depend on the choice of triangulation, as the following example shows.

When K = Q,, for an integer 7, we write 2 : Q, = E*,a— a', and denote by RQP,E(xi) the
(¢,Tg,)-module of rank 1 associated to this character. Explicitly, it is the free Ry, z-module
Ry, p€; of rank 1 with ¢(e;) = p'e; and y(e;) = £(7)’e; for v € Tg,, where e : g, = Z is the

! As for the pushforward operations, starting from the extension 0 — Fi¥(D) — D — D/Fil! (D) — 0, we
may also consider its pushforward along the inclusion Fil? (D) C ¢"XFil’ (D), resulting in a (i, I'x )-submodule
(D) of t7¥ D that is an extension of the form

0 — t"XFil/(D) — u (D) — D/Fil? (D) — 0.

The pushforward ¢ (D) becomes isomorphic to the pullback py (D) after a character twist (Lemma 2.2). Hence,
we mainly focus on the pullback operations py in the article.
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cyclotomic character. Then, Rg, g(z') has Sen weight . Let D = Rq, g(z) @ Rq,,r(2?) be
split” of rank 2 and Hodge-Tate-Sen weights {1,2}. Then we have two triangulations

0 — Ro, rp(x) = D = Rg, 5(z*) = 0,
0 — Ro, r(z’) = D — Rq, p(z) — 0.

Applying pullbacks with & > 0, we get Rg, £(z) ® Rq, £(z*"?) and Rq, p(2?) ® Rq,, p(z")
respectively, which are of different Hodge-Tate-Sen weights {k + 2,1} and {k + 1, 2}.

1.1.2. Using Sen polynomials. However, [Wu, Proposition 3.16] implies that this weight issue
is the only obstruction for the pullback to be independent of the triangulation. Let K = Q,
here for simplicity, and let A be any affinoid F-algebra. Wu showed that if the Sen polynomial
Psen p(T) € A[T] of D admits a factorization

PSen,D(T> = Q(T)S(T)
with monic Q(T), S(T) € A[T], with (@, S) = 1, then there exists a unique (¢, I')-submodule
D’ of D satisfying
tDbc D' cD

and having Sen polynomial Q(T'—1)S(T'). The proof used Beauville-Laszlo gluing [Wu, Propo-
sition A.3] to show that, under the equivalence of (¢, ' )-modules and T g-equivariant vector
bundles on the Fargues-Fontaine curve Xy 4 [EGH, Theorem 5.1.5], with respect to the
canonical decomposition of the Sen module

DSCn(-D) = ker(@<@SCn)) ©® ker(s(@Scn))a

there is a unique modification of the (¢, I')-module D at co on the curve Xx_ 4 such that the
resulting equivariant subbundle D’ C D has the Sen polynomial Pse, p/ (1) = Q(T' — 1)S(T).

If D is a trianguline (¢, I )-module over R 4 and Fil*(D) is a triangulation on D, then for
any 1 < j < n, the extension

0 — Fil/(D) — D — D/Fil/(D) — 0
induces a splitting of the Sen polynomial
(1-1~1) PSen,D(T) = Psen,D/Fﬂf(D) (T) ) PSen,Filj(D) (T),
and p1 (D, Fil/(D)) is a (¢, I')-submodule of D satisfying
tD C py(D,Fi¥ (D)) c D
and having Sen polynomial Fy., p/pis(p) (1" — 1) Psen pii () (T)- If (1.1.1) is a comaximal fac-
torization, then p; (D, Fil/(D)) is the unique (¢, I')-submodule of D containing tD of the Sen
polynomial Py, p/pips(py (T — 1) Psen rini(py(T'). Moreover, in this case, for any triangulation
Fil*(D)" on D inducing the same splitting as (1.1.1), by the uniqueness we have that
pi1(D,Fi¥ (D)) = pi(D, Fi¥ (D)).

Consider those (¢, 'k )-modules D on Sp(A) that are Tate-fpqc locally trianguline. Assume
moreover that at each point z € Sp(A), the fiber D, := D ®4 k(z) is “weight-uniform triangu-
line” in the sense that all possible triangulations on D, ®y.) L induce the same ordering on the
set of Sen weights of D, for all finite extensions L/k(z). Any local triangulation on D locally

2We refer the reader to Remark 3.6 for a non-split example.
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gives us a factorization of the Sen polynomial. After imposing necessary restrictions on its Sen
weights at geometric fibers, we can perform such “modifications at co” iteratively on D in an
invertible way that is independent of the choice of covers and local triangulations, whenever
the resulting movement of our ordered Sen weights in the weight space does not meet any of
the relevant walls, cf. Theorem 4.10 for our exposition on Wu'’s result and Theorem 4.12 for
discussion in the weight-uniform trianguline case.

1.1.3. The point of view of the analytic Emerton-Gee stacks. Recall from [EGH, §5.3] that over
the category Rigy, of rigid analytic spaces over E equipped with the Tate-fpqc topology, we have
the moduli stack X,, of rank n G g-equivariant vector bundles over the Fargues-Fontaine curve
X7, and the stack X g of Gx-equivariant B-bundles on X7, where B denotes the Borel subgroup
of G = GL,, consisting of upper triangular invertible matrices. Then, by the equivalence [EGH,
Theorem 5.1.5], a triangulated (¢, I'x )-module (D, Fil* (D)) of rank n over Rk 4 defines a point
in Xp(A), while the (¢, 'k )-module D defines a point in X,,(A).

We introduce in Definition 4.4 “weight-uniform trianguline substack” X" of X,,, and some
additional substacks X2 C X7"" characterized by the property that, for any triangulation
on D, the first n — i o-Sen weights are distinct from the last i o-Sen weights at any z € Sp(A).
The pullback operator p; , (§4) that increases the last i o-Sen weights by 1 and leaves all other
Sen weights invariant descends to a map from X7V%* to X,,. Then, we deduce the following
theorem, cf. Definition 4.6 (and Remark 4.7) for the precise meaning of our notation.

Theorem A. The pullback maps p; , - Xp — Xp descend to canonical morphisms of stacks
DPio - xg_wmi — xn

such that for S C X, I = [[,eqlo C{1,... ,n}° andk = (ki y)esicr, € N,
Pk = H(pi,a)ki’a . xi—wu,],k _N_> xs—wu,],—k

are isomorphisms between these weight-uniform trianguline substacks, where the change of Sen
weights does not change the reqularity of the weights.

1.1.4.  We also mention that, for such directions of changing the weights, Wu obtained in [Wu,
§3] general geometric results: the stack X,, of rank n (p, 'k )-modules at integral Hodge-Tate
weights h = (h;,) € (Z™)*¥ are described using a “product formula” of the form (if K = Q,)

(Xo)n

1%

(:f)é\ Xg/GLn, ﬁph/ GLm

which then induces change of weights maps

Jow (f{n)ﬁ — (X0

and this can be formulated for non-integral weights using local models developed in [Wu22, Ch.
5]. Moreover, change of weights maps fi, n exist at arbitrary weights h when changing from h
to h’ does not increase the regularity, cf. [Wu, §1.3] for a discussion and [Wu, §3.3] for details.

Question. What can be said about the geometry of X7
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1.1.5. The change-of-weight operations are supposed to the kind of operations on the side of
p-adic Galois representations (or rather (¢, I'x)-modules D) that correspond to the effect of
translation functor (as initially introduced in [JLS24]) on the side of locally analytic GL,,(K)-
representations under a (hypothetical) p-adic locally analytic Langlands correspondence D —
[1**(D). Roughly speaking, the change-of-weight operations and the translation functors are
meant to be related by a formula of the type

(1.1.2) [1*"((change-of-weight operation)(D)) = (translation functor)(II*"(D)),

which has been shown in certain cases by [JLS24] and [Dinal for GLy(Q,). We also remark that
there are analogous statements in the local Langlands correspondence for real reductive groups
which relate operations on “L-parameters” (on the Galois side) with translation functors on
the corresponding representations of the reductive group, cf. [ABV92, 16.6].”

1.1.6. Relation with translation functor under Ding’s crystabelline correspondence. A class of
points of X"(E) are those non-critical crystabelline (¢, I')-modules over R g. Recently,
for non-critical crystabelline (¢, I'x)-modules D over Ri g of regular Hodge-Tate weights,
Ding constructed in [Din25] locally Q,-analytic representations (D) C (D) of GL,, (K),
which are expected to occur as closed subrepresentations of the hypothetical I1**(D). They
are constructed as extensions of locally algebraic representations m,, (¢, h) by locally analytic
representations 7(¢, h) that only depend on D[1/t] and the Hodge-Tate weights h. If K =
Qp, these extension classes can “recover the Hodge filtration” and hence determine D, cf.
[Din25, Theorem 3.34]. The pullback D’ is a non-critical crystabelline (¢, ' )-submodule of D
whenever this change of weights preserves the regularity. It is then natural to expect that under
T 1= Tin OF Tgs, pulling back from D to D’ corresponds to translating from 7 (D) to w(D’). We
prove the expected intertwining (1.1.2) of the two kinds of weight-shifting operations:

Theorem B. Let D be a non-critical crystabelline (p, ' k)-module with reqular Sen weights
h. Let px(D) = fun (D) be the (¢,I k)-submodule of D obtained by a sequence of pullback
operators py = Hiyg(pi,g)kiv" such that its weights h' are still reqular. Let X' := h' — 6 and
X :=h—0 be the “automorphic weights” with§ := (0, —1,...,—(n—1))ges, € (Z")*%. Then,

T (me(D)) = a(px(D)) = Ta( frp (D))
as locally Q,-analytic representations of GL,,(K), for e € {min, fs}.

Since translation functors between regular weights are equivalences of categories, Theorem
B follows from various results in [Din25], [JLS24] and [Wu], with some additional work.

1.2. Structure of the paper. In§2 werecall basics of (¢, I'x )-modules over affinoid algebras
and their cohomology, generalizing a pointwise result [Col08, Theorem 2.22(i)] to the affinoid
coefficients in Lemma 2.9(i), leading to Theorem 3.1 for trianguline families. In §3, we review
triangulations on generic crystabelline (@, ' )-modules over fields, and observe that “gener-
ically, a trianguline (¢, 'k )-module has a unique non-split triangulation.” In §4, we discuss
Wu’s change of weights maps in general and in the weight-uniform trianguline families (cf.
Theorem 4.10 = [Wu, Proposition 3.16], and Theorem 4.12 = Theorem A), which is followed
by a discussion on when étaleness can be preserved up to twist for local Artinian E-algebras
A € Cg of residue field E. Finally, §5 is devoted to Theorem B.

3Note that in [ABV92, 16.6] the objects on the Galois side are rather complete geometric parameters and on
the automorphic side these are called “final limit characters”.
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2. PRELIMINARIES

2.0.1. Notations and conventions. Let K be a finite extension of Q, of ramification index e
and inertial degree f, with maximal unramified subfield K and a chosen uniformizer 7. Let
Gk = Gal(K/K) be the absolute Galois group of K, Wy be the Weil group of K, reck :
K> = W2 be the local reciprocity map normalized by sending 7x to a geometric Frobenius
element, and let X be the set of all Q,-algebra embeddings of K into @p. Let E be a finite
extension of Q, such that all the Q,-algebra embeddings of K into Q, factor through E, which
will be our coefficient field. We allow E' to be enlarged at will.

Let Rigy be the category of rigid F-analytic spaces, and Affp the category of affinoid FE-
algebras. For X € Rigp, let Rk x be the relative Robba ring of K over X, and write R 4 :=
R spay for affinoid A € Affg. Let 'y := Gal(K(up=)|K). For a review of (generalized)
(¢, 'k )-modules D over the Robba ring Rx x, we refer the reader to [Berl7, §2.1]. For a
(¢, 'k)-module D on X, and z € X arigid point, we write D, := D ®o, k(z) for the fiber
of D at z. Similarly, if 6 : K* — I'(X,Ox)* is a locally Q,-analytic character, we write
J, : K* =5 I'(X,0x)* — k(2)* for the evaluation of ¢ at z € X. The notation D = (Q — P)
is used to indicate that D is an extension of P by @, and the notation D = (Q; — -+ — Q;)
indicates that there exists an increasing filtration (Fil’(D))o<i<, on D by subobjects such that
Fil’(D) = 0, Fil"(D) = D, and Fil'(D)/Fil" '(D) = Q, for 1 <i < r.

We set N := Zxq. By local class field theory, the p-adic cyclotomic character € : G — Z;
is equivalently given by

e: K* — E*, x+— Nk, (®)|Nkg, (@),

which has o-Sen weight +1 foralle € Y. Fora[K : Q,]-tupleofintegersk = (k,),ex, € ZF,
set t% = HerK t(’ﬁ" € Rk.g, wheret, € R g are the Lubin-Tate elements defined up to units
in [KPX14, Notation 6.2.7]. Let x, be the embedding ¢ : K* — E* viewed as a character of
K>, and set 2% := [] .y, 5. Then, the (¢, Tk )-module t*Rx 4 = R a(z*) is free of rank 1
with o-Sen weight k, for each 0 € Y.

2.0.2. Extensions of (o, 'k)-modules. We recall certain operations on extensions of (¢, I'k)-
modules and the induced linear maps on (¢, I' )-cohomology.

Definition 2.1. For k € N¥% and (¢, 'k)-modules Dy, Dy over R 4, there are two natural
A-linear maps between Yoneda Ext groups:

e pushing out along D; — t~%D; defines a map
ue : Ext'(Dg, Dy) — Ext!'(Dy,t7%Dy),
e pulling back along t* Dy < D, defines a map

Pk Ext'(Dy, D)) — Ext!' (t*Dy, D).
6



The following lemma shows that these two maps are related by the “twisting” isomorphism
o Ext!(Dy, t7%Dy) — Ext'(t*D,, D)
induced by twisting by the character ¥ : K* — A so that ¥ o 1y = py.
Lemma 2.2. Letk = (k,), € N*% and let
0Dy D5 Dy—0

be an exact sequence of (¢, 'k )-modules over Rk a. Then, the pushout (D) of D along Dy —
t=%Dy and the pullback py (D) of D along t“Dy < Dy are related by a commutative diagram

0 —— t7 %D, —— (D) > Dy > 0
0 > Dy ' D T D, > 0
0 y Dy y pr(D) —— t5Dy —— 0

with exact rows and injective columns, from which we deduce py(D) = t¥u (D) = 1, (D) (x¥).

Proof. Explicitly, pi(D) = 7 1(t%Dy), and (D) = (t7%D;) ®p, D is an amalgamated sum
over D;. By the first row, we see that t*%:, (D) is a (¢, ' )-submodule of D[1/t] containing D,
with the associated quotient being tX Dy, so it equals pi(D) by the third row. O

By Lemma 2.2, the pullback py is injective/surjective/zero if and only if the pushout ¢y is. We
recall the following cohomological interpretation of the extensions.

Lemma 2.3. Let Dy, Dy be (¢, I'x)-modules over Ry a. Then,
HI(D;/ &® Dl) = EXt1<D2, Dl)
where H' is computed using the Herr complex

(p—1,y-1) DaD (v=1D&(1—¢) D

c*(D): D
for D := Dy ® D, £ Homg, , (D2, D1), wherey € I'k is a topological generator.
Proof. This is essentially [EG23, Lemma 5.1.2], but adapted to our convention and notation.
Let M be an extension of Dy by D; as (¢, 'k )-modules over R := Rk 4 given by
0—=Dy 5 M5 Dy—0.

It splits on the level of R-modules. We choose any R-linear section s : Dy — M, which is
unique up to an element h € D = Homg (Ds, D1). Using the section s, we can write

on = (@Dl f © @Dz) and v = (7D1 go 7D2>
¥YDs YD,
for uniquely determined f, g € Homg (D2, D;) = D since D, has an R-basis in ¢(Ds).

That is, for any x € Dy, we have

f(#p,(2)) = (o1 — s 0 pp, om)(s(x)) - wu(s(x)) — s(pp,(2)) € ker(m) = Dy.



Similarly, since v acts invertibly on R, we have
9= (ym —s079p,0m) 0507p, =7 ©507p, — s € Homg(Ds, Dy).

The commutativity @ar o Yar = Y © @ar is then equivalent to the equality

©p,9YDs + [0 YD, = V01 fYD, + 9V 0D, € Homg (Do, Dy)

which, by precomposing with 7521 on Dy, is equivalent to

©D.9 — 99D: = VDo fVDaPDs — [Ds-

By the definition of Homg (D1, D2) as (p, 'k )-module, this last displayed equation is the same
as (pp —1).g = (yp — 1).f € D, hence (f,g) € ker((y —1) ® (1 — ¢)) is a 1-cocycle.
Modifying the section s by h € D results in another 1-cocycle (f’, ¢') such that

ep, f'oep,\ _ (1 —h\ (ep, [fowp,) (1 h
SDDQ 1 ()ODQ ]-
(and a similar identity involving g, ¢, vp, and vp,) which is equivalent to

fop, = fop, — hep, + pph (resp. ¢ =g —h+vp,hyp)).
Thus, f'= f+ (pp —1).hand ¢ = g+ (vp — 1).h. So, (f',¢') — (f, g) is a 1-coboundary. O
Given Lemma 2.3, we see that ¢, and py induce the same map
HY(D) — H'(t™*D)
for D := Dy ® Dy, if we identify the codomains H(Dy ® t™%D;) ~ H'((t*D,)" @ D,) via z¥.

Example 2.4. When Dy = Rg,, Lemma 2.3 was proven by Colmez [Col08, §2.1]: take D, = R
and D, = R(0); then the isomorphism

Extgm (R, R(6)) = H(6)

given in [Col08, §2.1] is as follows: given an extension M, let e € M be alift of the vector 1 € R,
and we associate to M (the class of) the 1-cocycle [(¢ar — 1)e, (yar — 1)e] € R(6) @ R(0). This
is the map constructed in Lemma 2.3. Indeed, we have s : 1 — e, ¢p, = vp, = id, so we deduce
[ =wvu(e) —e=(pn — 1)e. Likewise, g = (v — 1)e, as desired.

2.0.3.  We review some results on (p, ' )-modules of rank 1 and their cohomology.

Theorem 2.5. For any (¢, I'kx)-module D of rank 1 over a rigid analytic space X , there exist a
unique continuous characterd : K* — T'(X, Ox)* and a unique up to isomorphism line bundle
L on X such that

RK,X<5) R0y L=D.

In fact, the line bundle L is given by L = H)p (D(67')) = Homyr, (Ri,x(0), D), and the
canonical map

RK,X(5) Roy H?

(P:FK

(D) — D

18 an 1somorphism.

Proof. This is [KPX14, Theorem 6.2.14]. For the definition of the (¢, 'k )-module R x(9) of

rank 1, see [KPX14, Construction 6.2.4]. O
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Definition 2.6. Let A be an affinoid E-algebra. Let § : K* — A be a continuous character,
which is automatically locally Q,-analytic by [Buz07, Proposition 8.3]. Then, its derivative at
1 defines a Q-linear map dd : K — A, and hence an A-linear map K ®q, A — A. Via the map

(2.0.1) K ®q, A > H A 2@y (0(X)Y)sengs
oEX K
we have an isomorphism
Homg, (K, A) = Homy (K ®q, A, A) = Hom4( H A A) = A¥E,
UEEK

The image of dd is a [K : Q,]-tuple wt(§) := (Wt,(8))sex, € A¥K, which we call the weight
of the character 6. We also call wt,(d) the o-weight of . By [KPX14, Lemma 6.2.12], for any
continuous character § : K* — A the (0-)Sen weight of Ry 4(0) is the (o-)weight of 4.

Lemma 2.7. Letd : K* — E* be a continuous character.
(i) Fork € N*% ifwt,(8) € {1,...,ks} for eacho € S, then
uc: HY(6) — H'(27%0)

18 an 1somorphism.
(i1) We have

_ .-k i
e dimy; H9(5) 1 ifo =a% forsomek € N
0 otherwise.
o dimp H2(5) = 1 ifd = (Nkjg,|Nkig,|p) 2 for somek € N¥x,
0 otherwise.
, . K : Q |+ 1 if either H® or H? does not vanish,
e dimg H'(0) = )
K : otherwise.
(i1i) Any nonzero (p,I'k)- submodule of Ric.p(0) must be of the form t*Ry (8) for somek €
Nk,
Proof. The first statement is [BHS19, Lemma 3.3.3], the second statement is [KPX14, Propo-
sition 6.2.8], and the third statement is [KPX14, Corollary 6.2.9]. O

Definition 2.8. Let 7 denote the rigid analytic space of continuous characters of K*. Let
Tureg denote the open’ complement in 7 to the points

{(Mii0,| Njg,lp) |k € N*<},

and let 7., denote the open complement in 7 to the points
—k k
{.23 ’(NK|QP|NK|QP|P)x ‘kGNEK}'

40Observe that any subset Z of {a:_k, (NK\QP ‘NK\Q,JP) xk’k € NEK} is closed in T since Z is locally finite,
i.e., for any affinoid subdomain U = Sp(A) of T, U N Z is a finite set of rigid points, and hence closed. If Z
is finite, then there is nothing to show. Assume that Z is infinite. Evaluation at mx € K* of the universal
character 64"V : K* — I'(U,Op)* = A* gives rise to a unit f := §5"V(7x) € A*. By the maximum principle
[Bos14, Theorem 3.1/15] applied to both f~! and f, there exists C' > 0 such that C~* < |f(z)| < C for every
rigid point z € Sp(A). However, since Z is infinite, the p-adic valuations of its elements evaluated at mx are
clearly unbounded. So, U N Z is a finite subset of Z, and Z is locally finite.
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For n > 1, we denote by 7., (resp. Ty,) the open subspace of 7™ consisting of characters
d = (d1,...,6,) such that 0;/0; € Tyreg (resp. 0;/0; € Treg) forall 1 <i# j < n.

Lemma 2.9. Let§ : K* — A* be a continuous character. For z € Sp(A) corresponding to a
mazximal idealm, C A, letd, : K* — A* — k(2)* denote the mod-m, reduction of 0.

(i) Fork € N*% ifwt,(0,) ¢ {1,...,ko} for each o € Sk and for all z € Sp(A), then
uc: HY(6) — H'(z756)

s an isomorphism.

(i1) If § € Tureg(A), then H*(8) =0, and H'(0) ®4 k(z) = H'(0,) for all z € Sp(A).

(i11) If & € Treg(A), then H'(6) is locally free of rank [K : Q) over A and H°(§) = H?*(8) = 0.
Moreover, H'(§) @4 k(z) = H'(8,) foralli € {0,1,2} and z € Sp(A).

Proof. By [KPX14, Corollary 6.3.3], for any (p, 'x)-module D over Rg 4 and any o € Y,
H(D) and H(D/t,) are finitely generated A-modules; moreover, they are the cohomology of
complexes of finite projective A-modules concentrated in degrees [0, 2]. So, as in [Stacks, Tag
0617], we have the base change spectral sequence

(2.0.2) B}~ = Torf (H. (), k(2)) = HL (O @4 k(2))
for O € {D, D/t,}. Asthe (¢, I'k)-cohomology are concentrated in [0, 2], from (2.0.2) we see
(2.0.3) H*(Q)®4 k(z) = H*(Q,)

is an isomorphism for every z € Sp(A).
(i) Since u is induced by Ry a(8) < t ¥Ry 4(8) = R a(x7%5), which factors as

—ko,

RK,A C t;lRKA [GEERNE t;lkalR[QA C t;;t;lkalRKA [GEERNE t;2k62tgl RK,A [GEERNE t_kR[gA
where we enumerate Xg = {071,079, ..., 0x.q,]}, it suffices to prove that if wt,(d.) # 1 for
all z € Sp(A), then ¢, : H'(6) — H'(z,;'§) is an isomorphism.

By the long exact sequence in cohomology attached to the exact sequence
0— RK,A<5) — t;IRK,A((S) — t;lRKA((S)/RKA(é) — O,

it suffices to show the vanishing of H and H' of t ;'R 4(6) /R 4(0).
For each z € Sp(A), the fiber t; 'R k(»)(0.)/ Rk k() (0-) has vanishing H? by [Liu08,
Theorem 3.7(ii)] since it is a torsion (¢, I'x )-module. By base change (2.0.3) and that

t; Rica(0)/Ric.a(6) = Ria(8) /teRia(0)
has coherent cohomology, we have H2(t; 'R 4(8)/ Rk, 4(0)) = 0 by Nakayama’s lemma.
From the spectral sequence (2.0.2), we see that for all z € Sp(A)
H'(t; " Ric.a(0)/Ri,a(0)) ©a k(2) = H' (t; R p(=)(0:) /R (=) (02))

which is zero since dimy,) HO(¢; Rk () (92) /R i(2)(6:)) = 0 by [Nak09, Lemma 2.16]
and dimy) HO(t; " Ricu(z) (0:) / Rz (0:) = dimypeey H (85 R k() (0:) /R () (0:)) by
Euler-Poincare formula [Liu08, Theorem 4.3] and vanishing of H2. Again by Nakayama’s
lemma, we deduce the vanishing of H! and hence from the spectral sequence (2.0.2)

H(t5 ' Ri.a(0)/Rica(0)) @4 k(2) 2 HO(t7 Ric ) (0:) /R o) (92))

from which we deduce the vanishing of H° by Nakayama’s lemma.
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(ii) For 6 € Tareg(A), 6. : K* — k(2)* does not belong to {(Nk|g,|Nk|g,|p) 25|k € N*x}
for every z € Sp(A), which implies that H?(d,) = H?(0) @4 k(z) = 0 for each z € Sp(A)
by (2.0.3) and Lemma 2.7(ii). By Nakayama’s lemma, H?(6) = 0. Hence, (2.0.2) shows

H'(Ri.4(0)) ®a k(2) = H' (Ricn()(9:))

for all z € Sp(A).
(iii) This is [HS16, Proposition 2.3]. O

2.0.4. Let Dbea (p,I'x)-module of rank n over Rk 4 for affinoid A equipped with a filtration
Fil*(D): Fil°(D)=0CFil'(D) ¢ --- C Fil"(D) =D

by saturated (¢, I'x )-submodules Fil’(D) such that gr(Fil*(D)) := Fil’(D)/Fil’ (D) islocally
free of rank 1 over Rx 4 for 1 < ¢ < d. By Theorem 2.5, there exists a unique continuous
character ¢; : K* — A* such that for the line bundle £; := Hom, . (Rx. 4(8;), gr'(Fil*(D)))
the canonical map

Ria(di) ®a L — gfi(Fﬂ.<D)>
is an isomorphism. In this case, we say D is trianguline, the filtration Fil*(D) is a triangu-
lation of D, and 6 = (d;)1<i<y is the parameter of (D, Fil*(D)). '
If the triangulation on D is clear, we write D; := Fil’(D) and D* := D/Fil"™*(D) so that the
ranks of the subobject D; and the quotient D? are always i, for 1 < i < n.

2.0.5.  We discuss various notions of “non-split” for (¢, I'x)-modules over R 4.
Definition 2.10. (i) Given a (¢, ['x)-module D over Ry 4 with triangulation Fil*(D), if®
(2.0.4) 0 — Fil'"(D,) — Fil'(D.) — R(d;.) — 0

are non-split as (¢, ['x)-modules for all 2 < ¢ < n and all rigid points z of Sp(A), then
(D, Fil*(D)) is called non-split.
(ii) Given a (¢, I'k)-module D over R 4 with triangulation Fil*(D), if the exact sequences

(2.0.5) 0= R(6_1.) 2 Fil'""Y(D,)/Fil"*(D,) — Fil'(D,)/Fil" *(D.) — R(d;.) — 0
are non-split as (¢, ['x)-modules for all 2 < ¢ < n and all rigid points z of Sp(A), then
(D, Fil*(D)) is called strongly non-split.

If (D, Fil*(D)) is strongly non-split, then it is non-split, cf. Remark 2.11(i). But the converse
is false when the rank of D is at least 3, and a rank-3 counterexample is given in Remark 3.6.

Remark 2.11. (i) If (D, Fil*(D)) is non-split (2.0.4) or strongly non-split (2.0.5), then
0 — Fil'(D) — D — D/Fil"(D) = 0
is a non-split extension of (¢, ' )-modules, for all 1 <i <n — 1.
(ii) If D € Ext'(D,, D) is a non-split extension of trianguline (o, I )-modules (D;, Fil*(D;))

of rank r; for i = 1, 2, then (D, Fil*(D)) need not be non-split in the sense of (2.0.4), where
Fil*(D) is the triangulation on D induced by Fil*(D;) and Fil*(D,).

Tn this definition, we do not need to write the line bundles £; ® 4 k(z) because there are no nontrivial line
bundles over the point Sp(k(z)).
11



Proof. (i) The image of
0 — Fil'(D) — D — D/Fil'(D) = 0
under the linear map

Fil**+1/Fil’(D)CD/Fil’(D)
pullback

is the extension 0 — Fil'(D) — Fil"™ (D) — R(d;41) — 0in (2.0.4). So,
0 — Fil'(D) — D — D/Fil’(D) — 0
is non-split if (D, Fil*(D)) is non-split. Moreover, the image of this pullback extension
0 — Fil'(D) — Fil'™(D) — R(d;11) — 0

Ext'(D/Fil"(D), Fil'(D)) Ext!(6;41, Fil'(D))

under the linear map

Fil*(D)—Fil*(D) /Fil*~ (D)

Eth((SH_l, FllZ(D)) EXt1(5i+1a (57,)

pushforward
is the extension 0 — R(8;) — Fil't'(D)/Fil"” 1(D) — R(6;41) — 0in (2.0.5). So, we see
that “strongly non-split” implies “non-split”, and that
0 — Fil'(D) — D — D/Fil'(D) = 0
is non-split if (D, Fil*(D)) is strongly non-split.
(ii) We give a counterexample for n = 3 and R = Rgq, g. Consider D; = R(6;) and Dy =

(R(d2) — R(d3)) the unique non-split extension with §; = z,dy = |z|x and J3 = 1. From
the short exact sequence

0 — R(02) = Dy — R(d3) — 0,
we consider a segment of the associated long exact sequence
Hg,r(515z_l) — H;,F((slés_l) — Hé,F(D;/(él)) - H;,F((;l(sz_l) - Hg,r(éléz’,—l)a

and the maps between the H'’s are pullbacks. By Lemma 2.7(ii), this sequence becomes
0 - FE — E? - E — 0, which in concrete terms means that if we take the non-split
extension of R(d3) by R(d;), and pullback along Dy — R(d3), then we get a non-split
extension D of R(d3) by D; whose pullback along R(d3) < Do is a split extension of
R(dy) by R(d1), which is Fil*(D). Hence, although D is non-split as an extension of Ds
by Dy, it is not non-split in the sense of (2.0.4). O

3. TRIANGULATIONS ON (¢, ' )-MODULES

Theorem 3.1. Let (D,Fil*(D)) be trianguline with parameters (6,...,0,) : (K*)" — A*
over R a. For any fizedk € N*< andi € {1,...,n}, suppose that

th(5j7z/5g7z) ¢ {1, ey k’g}
foralll <j<n—i,n—i+1<{<n,foralloc € Xk and for all z € Sp(A). Then
Pk : Ext'(D/Fil"(D), Fil* (D)) — Ext!(t*(D/Fil"*(D)), Fil" (D))

18 an 1somorphism.
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Proof. By induction on k it suffices to prove the statement for a fixed o € ¥ with k, = 1 and
kr =0 forall 7 € ¥ \ {o}, under the assumption that wt,(d;./d.) # 1forj <n —i <.

Recall our notation that D,,_; := Fil"™*(D) and D" := D/Fil"™*(D). By Theorem 2.5, D
is a successive extension of rank 1 (¢, ['x)-modules gr,, (Fil*(D)) & R a(6m)®aL,, for some
line bundles £,, over A. There is a finite admissible cover {Sp(A4,)},_, of Sp(A) trivializing
them. Since i, ., commutes with flat base change by [KPX14, Theorem 4.4.3(2)], passing to
Sp(A,) we may assume that the line bundles £,, are all trivial.

After the reductions above, we show that

pio t Ext (D', D, ;) =2 HY(D" ® D,_;) — Ext'(t,D, D,,_;) = H'(t; (D" @ D,_;))

is bijective, where we have by assumption that

D,_;= (RK,A(51) — RK,A((Snﬂ‘)) and D'= (RK,A<5nfi+1> — RK,A<5n))-
Thus, putting M := DV ® D,,_;, we see that M is trianguline over R, 4 with parameters

{5j6[1|1 <j<n—tandn—i+1 gﬁgn}.
Note that wt, (3;6, ) # 1 for these parameters by the assumption. By the short exact sequence
0—M—t;'M—t;'M/M — 0,

it is enough to establish the vanishing of H*(¢;'M /M) as coherent sheaves for i = 0, 1, 2.
This follows from a dévissage argument on the above triangulation on M, using the proof

of Lemma 2.9(i). Indeed, we know that M = (Rx.a(m) — -+ — Rk,a(nm)) of parameters
whose weights are not 1 at all z € Sp(A), so that
t, M/M = M/ty = (Rca(m)/ts =+ = Ric.a(1hn) /o)-

We induct on the rank of M to show the vanishing of cohomologies of M/t,. The base case
where m = 1 was shown in the proof of Lemma 2.9(i). For m > 2, we have

= H' (Ria(m)/te) = H' (M/ts) = H'(M/Ri.a(m))/ts) —
from which we know H*(M/t,) = 0 by the induction hypothesis. O

3.1. Very generic case.

Definition 3.2. Let (D, Fil*(D)) be a trianguline (¢, I')-module over R g with parameter
§ = (61,...,0,) and Sen weights (h; )i, € (E™)*%, where h; , := wt,(5;). We say that D is
very generic if for each 0 € Xg, h; , — hj, ¢ Z for all i # j.

Definition 3.3. Let 7" be the open subspace of 7" such that for A € Aff, 7*(A) is the set
of all the continuous A*-valued characters of (K*)"

d=(01,...,0,) : (K" — A~
satisfying wt,(9;./0;.) ¢ Z>y foralll <i < j <n,allo € ¥k, and all z € Sp(A).
Proposition 3.4. For trianguline (¢, 'k )-module (D, Fil*(D)) of parameters § = (0;)1<i<n €
T (E) over Rk g and a fized index i € {1,...,n}, suppose
(a). Fil"*i(D') with the induced triangulation is strongly non-split, and
(b). D/Fil""""Y(D) with the induced triangulation is non-split.

Then, for each 1 < j < n—1i, Fil/(D) is the unique saturated (o, ' i) -submodule of D of rank j.
13



Proof. Note that similar to Remark 2.11, (a) and (b) imply that (D, Fil*(D)) is non-split.

We proceed by induction. Let D’ be a saturated (¢, 'k )-submodule of D. We claim that
D’ contains Fil' (D). Indeed, let m be the largest integer such that Fil™ (D) N D’ = 0. Then
D'NFil™(D) is an Rk, g-submodule of D’ stable under the (¢, 'k )-action such that the quotient
D'/(D' N Fil™(D)) is torsion-free as it injects into D/Fil™ (D). As

RK,E ~ H R[g@p ®K0,TE

T:Ko—F

is a product of Bézout domains on which ¢ acts transitively, it follows from the torsion-freeness
that D" N Fil™ (D) is free over R g (cf. [Berl7, §2.6]) and hence is a (¢, Ik )-module.

Now if m > 1, then D' N Fil™(D) is a nonzero (¢, 'k )-submodule of Fil"'(D) injecting to
the quotient Fil”™ (D) /Fil™ (D) = R £ (6m), which is of the form t*R(6,,) = R p(x*d,,) for
some k € N*% by Lemma 2.7(iii). Then, Fil™(D) contains the split (¢, I'g)-submodule

Fil" (D) @ (D' N Fil™(D)) = Fil™ (D) & t*R £(0m)
which is the image of Fil™ (D) under the pullback map
P 2 Bxt! (8, FiI" (D)) — Ext!(t%6,,, Fil™ (D))

which is bijective by Theorem 3.1, contrary to our assumptions (a) and (b). Hence, m = 1.
Since D' N Fil' (D) = D' N Ry x(6;) is nonzero and saturated in R, z(d;), we conclude that
D'NFil'(D) = Rk x(6,) = Fil'(D).

In particular, Fil' (D) is the unique saturated (¢, 'k )-submodule of rank 1 of D. If n — i >
1, we pass to the quotient by Fil'(D) and claim that every saturated (¢, 'k )-submodule of
D/Fil*(D) contains Fil*(D)/Fil'(D). By (a) and (b), D/Fil*(D) with its induced filtration is
non-split and satisfies the analogous (a) and (b), so the argument above works. We can iterate
this argument until n — ¢, hence the conclusion. 0

Corollary 3.5. Let (D, Fil*(D)) be strongly non-split of parameters 6 € T'(E) over Ry p.
Then, any saturated (, 'k )-submodule D' of D satisfies that D' = Fil'(D) for some0 < i < n.
In particular, the given triangulation Fil®(D) is the unique triangulation of D.

Proof. This follows from Proposition 3.4 by taking i = 1. O

Remark 3.6. One cannot expect the uniqueness result for (p, I )-module (D, Fil*(D)) that
is non-split with parameters in 7" (E) without the strongly non-split assumption. Indeed, for
regular characters (01, 02, d3) € T2, (E) N T2 (E), we have an exact sequence

0 — BExt'(d3,61) = E — Ext'(d5, (0; — 62)) = E> = Ext'(03,05) = E — 0

where (§; — d2) denotes the non-split extension of R(d2) by R(d1). The image of any nonzero
class of Ext'(d3, 8;) in Ext' (85, (6, —62)) is a trianguline (i, T' i )-module (D, Fil*(D), (61, 62, d3))
that is non-split in the sense of (2.0.4), but D/Fil'(D) is a split extension of 6, by d5. So, D
has another triangulation whose parameter is (41, ds, d2).

3.2. Crystabelline case. We discuss triangulations on a class of trianguline (p, I'x )-modules
that is closer to p-adic Hodge theory. Recall that we have Fontaine’s functors D, Dgr defined

for (p, 'k )-modules as well, cf. [HS16, Definition 2.5] or [Nak13, Definition 2.3].
14



Definition 3.7. A (¢, 'k )-module D over Rk g is crystabelline if there exists a finite abelian
extension L/ K such that Ry g ®r, , D is crystalline, i.e., the (Ly ®q, £)-rank of

Dchls(D) = (RL,E ®RK,E D)[l/ﬂrL
is equal to rankg,. (D).

As we describe below, one can understand this class of (¢, 'k )-modules in terms of simpler
semilinear algebra and descent data.

Definition 3.8 ([Nak13, Definition 2.4]). Let L be a finite Galois extension of K with Galois
group G(L/K). We say that D is an E-filtered (¢, G(L/K))-module over K if

(i) D is a finite free (Ly ®g, E)-module with a Frobenius semilinear operator ¢ : D = D,
and a semilinear action by G(L/K) that commutes with ¢.

(ii) Dy := (L ®p, D) has a separated and exhaustive descending filtration (Fil(Dy))scz by
G(L/K)-stable (L ®q, F)-submodules Fil'(Dy).

An (Ly ®q, E)-module D satisfying (i) will be called a (¢, G(L/K))-module over K.
Remark 3.9. (i) Fora (¢, G(L/K))-module D as in Definition 3.8, we have
L®k (D)% = Dy

by Galois descent, and we write Dy := (Dy)¢/K) Then, a filtration by G(L/K)-stable
L ®g, E-submodules on Dy, gives rise by taking invariants (—)¢/%) to a filtration by
K ®q, E-submodules on Dg. Conversely, a filtration by K ®gq, E-submodules on Dy
gives rise by base change L ® k¢ (—) to a filtration by G(L/K)-stable L ®q, E-submodules
on Dr. Via (2.0.1), Dxg = [],c5, Dk.» decomposes into a product of E-vector spaces
Dk ,, and any filtration Fil" Dy = HU@K FiliDdRﬁg also decomposes into a product of
filtrations by E-vector spaces on each o-component Dy .

(ii) For acrystabelline (¢, I'x)-module D over Rk iz that becomes crystalline over L, D%, (D)
has the structure of an E-filtered (¢, G(L/K )) module whose G(L/K)-stable filtration

on L ®r, DL, (D) is induced by the comparison isomorphism

L®p, DL (D) = L ®gk Dar(D),

Cris

where (L ®p, DE. (D))/5) = Dyr (D) has the Hodge filtration {Fil’(Dgr (D)) }iez by

Cris

K ®q, E-submodules, cf. [HS16, Definition 2.5]. Via (2.0.1), we have

Dar(D) = [[ Dar(D), and Fil'(Dgr(D)) = [] Fil'(Dar(D),),

O'EEK O'EZK

such that the jumps in the filtration [ ],y Fil'(Dgr(D),) by E-vector spaces are given
by (—1) - (0-Sen weights of D), cf. [KPX14, Definition 6.2.5].

Theorem 3.10. Let L be a finite Galois extension of K.

(i) The functor D — DE. (D) induces a ®@-equivalence of categories from (i, Tk )-modules
over Rk, g that become crystalline over L to E-filtered (¢, G(L/K))-modules over K. The
saturated submodules of D correspond to (p, (L/K)) submodules of DE, (D) with their

filtrations induced by the Hodge filtration on DL, (D).
15
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(i1) Let Ly be the mazimal unramified subfield of L, and assume that E contains all Q,-algebra
embeddings of Lq into @p. For any free (Lo ®q, E)-module D of rank n, we canonically
have D = [],.;,..p Do, where each Dy is an E-vector space of rankn. Fiz an embedding

o : Lo <= E. There is an equivalence of categories from the category of (¢, G(L/K))-
modules D over K to the category of representations (r, V') of the Weil group Wy of K on
finite dimensional E-vector spaces such that r is unramified when restricted to the Weil
group Wi, of L. On the underlying modules, this equivalence is given by D +— V := D, .
The action r(w), forw € Wy, onV is the og-component of the (Lo ®q, E)-linear map
r(w) :==wo ¢~ : D — D, where a(w) € fZ is the unique integer such that the image
of w in Gal(F,/F,) is given by x 2*""  andw € Gal(L/K) is the restriction of w to L.

Proof. (i) is [Nak13, Theorem 2.5] and [Ber17, Proposition 3.3(a)]. Also see [Ber08b].
(ii) is the special case of [BS07, Proposition 4.1] when the monodromy operator N = 0. [

Definition 3.11. (i) A crystabelline (¢, 'k )-module D is generic if the Wi -representation

associated to the (¢, G(L/K))-module DL, (D) is a direct sum of characters ¢y, . .., ¢,, of

Wy that are trivial on I, such that if ¢q, ..., ¢, are viewed as smooth characters of K *

via the local reciprocity map, then ¢;/¢; & {1, |5, |- |x} for alli # j, cf. [Din25, §2.1].

(ii) For a crystabelline generic (¢, 'k )-module D asin (i), a refinement of D is an ordering

of the n characters ¢4, . . . , ¢, appearing in the associated Weil representation. If we fix an

ordering ¢, ..., ¢,, then all the refinements are indexed by elements of S,,, where w € S,
corresponds to the ordering ¢, 1), - . ., Pu(n)

(iii) To each refinement w € S,, of D as in (ii), we associate a triangulation Fil},(D) on D by

requiring that Fil’, (D) corresponds to the (¢, G(L/K))-submodule of D%, (D), equipped

with the induced filtration, whose associated Weil representation is the subrepresentation
D« j<i Pui) of @?:1 ¢; under the two equivalences recalled in Theorem 3.10, for all ¢.

Remark 3.12. Following Definition 3.11(iii) and Remark 3.9, under the identifications (L ®p,
DL (D))" %) = Dar(D) and Dgr(D) = [ cs,. Dar(D)s, werecall the relationship between
refinements of D%, (D) and the jumps in the induced Hodge filtration Fil*( Dyg (Fil’, (D)), ) for
1<i<nando € Y. Letpr, : Dgr(D) — Dgr(D), be the projection onto the o-component.
For each factor ¢; of the Wi-representation @’_, ¢;, let M; be the corresponding (, G(L/K))-

submodule of DE, (D) of rank 1. Via the construction (pr,) o (L @, (—))G(L/K), M; gives rise

cris
to a 1-dimensional E-subspace of Dgr(D),, and we choose a basis e;,. For each refinement

w € S, let F¥ := (0 C F C --- C F¥ = DL, (D)) be the complete (@?G(L/K))—stable

Cris

flag on DL, (D) corresponding to the triangulation Fil?, (D). Then, F _1 M(j), and via
the construction (pr,) o (L ®, (—))G(L/K F} gives rise to an E-subspace .7-" . C D4r(D), of
dimension 7 with a basis (ew(l),g, s Cu(i), ) We also have the flag Fil® (DdR(D) ) coming from

the Hodge filtration. The “relatlve position” of Fil*(Dgr(D),) and F’, gives us an element
v, € S,, which is determined by the condition that if the jumps of the o- Hodge filtration on
Fiy = Dar(D)y are given by {—hy s < -+ < —hy o}, then the induced o-Hodge filtration on
F;* has jumps at {—hy,-1(;) /1 < j < i}. Thus, the ordering of o-Sen weights induced by the
triangulation Fil}, (D) is {Ay-11) 5o - - - s Rypz1(n) o - We say that the flags Fil*(Dar (D)) and F’
are of relative position to = (1,), € S¥%. Then, D is non-critical if and only if the two flags
are of relative position id € S>«.
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Definition 3.13. Leth = (hy, > -+ > h, ), € (Z™)F be the Sen weights of a crystabelline
generic (p, 'k )-module D of rank n.

(i) Wesay hisregularifhy, >--- > h,, foreach o € L.
(ii) A refinement of the crystabelline generic (@, 'k )-module D

w(P) = (Gwa), - - - uwm)), forw € Sy,

is non-critical if the o-Sen weights of Fil’ (D) are (hy, > --- > h;,) forall1 <i <n
and o € Y. We call a refinement of D critical if it is not non-critical. Then, D is called
non-critical if all its refinements are non-critical, and is called critical if at least one of
its refinements is critical.
Denote by ®I',,.(¢, h) the class of all crystabelline non-critical (¢, I'x)-modules of rank n over
Rk, g with associated Wi-representation ¢ = @, ¢; and Sen weights h.

Proposition 3.14. Let D be a crystabelline generic (p, 'k )-module of rank n over Ry g that
is crystalline over a finite abelian extension L/K, with Weil representation ¢ = @, ¢; and
Sen weightsh = (h1 o > -+ > hypo)oexy - Then, D is trianguline and has n! triangulations

Fil? (D): 0CFil,(D)<---CFil"(D) =D,

which are indexed by refinements w € Sy, and are of parameters 0y, = (6w 1, - - -, Own) With
ki
6111,1' = H To’ gbw(z)
oEX K
for some integer k', € Z such that {h1 g, ..., hno} = {k{y, ..., Ky} as sets, for allo. More-

over, D is non-critical if and only if k', = h; , foralll <i<n,w €S, ando € Y.

Proof. The last assertion would follow from the previous assertions and the definition of non-
critical. The genericity of D implies that there are n! complete flags consisting of subobjects
in the Weil representation €D}, ¢; attached to D. By the equivalences in Theorem 3.10, the
flags give rise to n! distinct triangulations on D, indexed by permutations w € .S,, of the set
{¢1,...,Pn}. It remains to show that the triangulation parameters are of the forms given in the
statement. Since the property of being crystabelline is stable under taking subquotients, by
considering Fil’, (D) /Fil’-*(D) we are reduced to showing the following claim on crystabelline
(¢, I'k)-modules of rank 1: if R £(0) is a crystabelline (¢, I' x )-module of rank 1 that becomes

crystalline over L, then § = EHUGEK(:I:’;") for a smooth character 6 : K* — E* and k, € Z,
and the Wi-representation ¢ attached to the (p, G(L/K))-module DL, (R £(d)) is So recy’.

By construction, the Wix-representation ¢ on E-vector spaces is independent of the choice
of L over which Ry (0) becomes crystalline. Observe that any crystabelline (¢, I'x)-module
M becomes crystalline over a totally ramified abelian extension L/ K. For this observation, we
can prove it for the B-pair W = (W,, W) associated to M in [Nak09, §1.3], since D%, (M) =
DL. (W) by [Ber08a, Proposition 2.3.4]. By local class field theory, there are m € Z>; and
a finite unramified extension L'/K such that L C K,,.L’, where K,, is the m-th Lubin-Tate

extension of K. We have the short exact sequence of Galois groups
1 — Gk, v — Gk, — Gal(K,,.L' /| K,,) — 1.
Since L C K,,.L/, it follows that Gk, » C G, and M becomes crystalline over K,,,.L’. Then,
DXV (W) := (Buax ®p, We)%xmr' 2 DEnE (M)

cris cris
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is a semilinear Gal(K,,.L'/ K,,)-module over (K,,.L")y = Lj. By Galois descent, we have

DEr (W) @) (KL )o = (Bumax @5, We) % @1¢y Lty = (Bunax®@p, We) “6mt’ = DEmL' (W),

Cris Cris

which shows that D becomes crystalline over K,,,. Hence, from now on we may take L = K,
for m > 0, which is totally ramified over K, in our proof of the claim.

Since Rk, g(d) is crystabelline, § = gHUeEK (xk<) for some smooth character §: KX - EX
and integers k, € Z by [Nak09, Lemma 4.1]. We need to show that the Weil representation ¢
attached to DX i (Ri,p(0)) is do recK Let Gy, := Gal(K,,/K) and write § = 6™ .5"" so that

cris

§"r (7 ) = 8(my) and 5Wt|ox = 6|Ox . We ﬁrstly compute the (¢, G,,)-module DX (Ry. 5(0))

Cris

by Theorem 3.10(i), and then compute its Weil representation by Theorem 3.10(ii). We have

DEr(Ric.5(8)) = DEZ (Ricp(0™) @xyog, 2 D (Ricp (0™ ] «5))

TEX K

By (K)o = Ko and applying to RK,E(E‘J“‘" [Les, vho) [KPX14, Example 6.2.6(3)], we have

CI‘lS 5unr H ‘T ) ®K0 DCTIS(RKE 6unr H l’
oEX K o€ K
where G(K,,/K) acts trivially, and as a p-module, it is the free (Ko ®q, £)-module D, 5 of

rank 1 equipped with a Frobenius-linear endomorphism ¢ such that o/ =1® 6 (7TK) Wthh is
unique up to isomorphism by [KPX14, Lemma 6.2.3]. As for DX (R p(0%1)), since 6" () =

Cris

1, it extends by continuity to a continuous character of Gk taking the value 1 at any geometric
Frobenius. Since § is smooth, we may also assume that 5Wt|1+ﬂ%0K =1, i.e., the restriction of

S to G K, 1s the trivial character. Then, 5"t descends to a character of G, and
« ~  \Gr,, -
DE2(3") = (Buss ®a, BG™) " = Ko 8g, EG™)

which is the free (K, ®q, F)-module Dy of rank 1 on which G, acts by 6"t Thus, we conclude
that DX (R (0)) is the p-module D 5y free of rank 1 over (Ko ®q, E), where G( m/K)

Cris

acts by 6. To show that the Weil representatlon ¢ attached to DX (R 5(9)) is 5 orecy, o, we

Cris

follow the recipe recalled in Theorem 3.10(ii). For w € Wk, let a(w) € fZ be the integer such
that the image of w in Gal(F,|F,) is the a(w)-th power of the absolute arithmetic Frobenius.
Then the Wi-action is given by ¢(w) = W o =) = g‘”t(rec}}l(w)) - ™) where w denotes
the image of w in G,,. Since reck (7 ) is a geometric Frobenius element,

dlreck (i) = 0" (mx )~ ) = 0" (mx)d(mx) = d(mxc).

For u € OF = reci' (I?), we have a(reck (u)) = 0 and hence

d(reci(u)) = 0" (u)p™ @ = 5(u).
We conclude that ¢ o recx = g, and hence ¢ = 5o recf}l, which proves the claim. 0]

Proposition 3.15. For D € ®I'\.(¢,h) of regular Sen weight (hy o > --- > hy, o) for each

0 € Yk, D isindecomposable. In particular, all of its triangulations are strongly non-split.
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Proof. Any direct sum decomposition D = D' @ D" of D with two (¢, ' )-submodules D', D”
is part of a triangulation Fil?,(D) for some w € S, i.e., D' = Fil’ (D) for i = rank(D’) and
D" = D/Fil’ (D). This is because D is crystabelline generic, and hence by Theorem 3.10 and
Definition 3.11(i), its saturated subobjects corresponds to the subobjects of the semisimple
Weil representation €, ¢;. As in Remark 2.11(i), the problem is reduced to the rank 2 case. It
suffices to show that for any non-critical crystabelline (¢, 'k )-module D of rank 2 of regular
weights, if we have an extension 0 — Rk g(61) = D — Ry g(d2) — 0, then this extension is
non-split. This is true since by the non-critical assumption, wt,(d;) > wt,(d2) for all o € Y.
If the extension is split, we can write D as an extension 0 - R g(d2) = D — Rk g(d1) — 0,
which is a critical triangulation of D. U

Proposition 3.16. (i) Let D be a generic crystabelline (¢, g, )-module over Rq,, g of reqular
Sen weighth = (hy > --- > hy,) and Weil representation @)_, ¢;. If D has a critical
refinement w, then (D, Fil} (D)) is not strongly non-split in the sense of (2.0.5).

(11) For any nontrivial extension K/Q,, regular Sen weighth = (hy1 5 > -+ > hyo)eny, and
generic Weil representation @ _, ¢;, there exists a generic crystabelline (¢, I i )-module
D over Rk g of reqular Sen weight h and Weil representation @), ¢; that has a critical
refinement w such that (D, Fil} (D)) is strongly non-split in the sense of (2.0.5).

Proof. (i) Let D be a generic crystabelline (¢, I'g, )-module over Rq, r of regular Sen weight
h and Weil representation €0, ¢;. Suppose w € S, is a critical refinement of D, which
means that the induced ordering of weights satisfies k" < kj; for some 1 < ¢ < n — 1,
where {£{, ki, } C {h1,...,hy}, cf. Proposition 3.14. We claim that the extension

0 = Ra,, 27" ¢uu) — FiliT (D) /Fill, 1 (D) — Ra,,p (2" ¢ur1) — 0

is split, where the subobject is Fil’, (D) /Fil; ! (D) and the quotient is Fil’*" (D) /Fil’, (D).
In the notations of Remark 3.12, since the induced jumps are —wt(dy,;) > —Wt(0wi+1),
the refinement Ee, iy C Eey ) ® Eeyis1) on Dar(Fili ' (D) /Fil,, (D)) coincides with the
Hodge filtration, which forces the other refinement Ee,i11) C Eeys) © Eeyq1) to be of
relative position id with the Hodge filtration. This other refinement gives a triangulation

0 = Rq, p(z"+ dyis1)) — FiliT (D) /Fil, 1 (D)) = Ra, 5(z" ¢u@)) — 0.
Since D is generic, ¢y (i) 7# Gw(i+1). S0 by Lemma 2.7(iii), the intersection of the subob-
jects R@pﬂ(ﬂ?kﬁ buw(i)) and RQP,E(@"’%I buw(i+1)) is zero. The subobject RQP,E(%’WH Pu(it1))
reduces isomorphically to the quotient Rq, 5(2**+ ¢y (i41)) of Fili ' (D) /Fill, (D)) in the
first extension above, making it a split extension.
(i) The generic Weil representation B’_, ¢; determines a unfiltered (¢, G(L/K))-module
M. To get a crystabelline (¢, 'x)-module D of Sen weight h with DZ. (D) = M, we need

to give filtrations Fil'(Dgr (D),) on Dar(D)y = (L @1, MJ)UG(L/K) whose jumps occur at
{—=h1, <+ < —hpe}foreacho € ¥k. Since the property of being strongly non-split for
(D, Fil? (D)) can be checked at subquotients of rank 2, it suffices to construct an example
D of rank 2 with Sen weights (hy, > hos)sex, and generic Weil representation ¢y @ ¢,
which has a critical refinement w € S, such that Fil} (D) is non-split. Asin Remark 3.12,
for the refinement (¢, ¢2), we choose a basis (€14, €25 )sexy for Dar(D) = [[, Dar(D)o-
Since K # Q,, there are at least two distinct embeddings o1, 09 € X . Define

Dar (D)o, 2 Fil7" 1™ (Dyr(D)s,) 1= E(€1,6, + €2,0,) 2 Fil "1™ (Dgr(D),,) = 0
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Dyr(D)g, 2 Fil "2 (Dyr(D)o,) := E(e1,4,) 2 Fil "7 (Dyr(D)y,) = 0

and define the 7-Hodge filtrations for 7 € Xk \ {01, 02} arbitrarily. This gives a (¢, 'k )-
module D. By Remark 3.12, Fil},(D) induces the ordering (h; ,, > ha,,) on the o;-Sen
weights and the ordering (hg s, < hi,,) on the oo-Sen weights, but for wy = (1 2) € Sy,
Fil}, (D) induces the ordering (h1 4, > hao,) on the o-Sen weights for both i = 1,2. This
implies that Filf; (D) is non-split, for in the split case, Fil}, (D) would induce the orderings
(h2.oy < h14,) on the oy-Sen weights and (hy 5, > ha,) on the o3-Sen weights. O

Remark 3.17. For critical generic crystalline (p, ' )-module D, it may be strongly non-split
for some non-critical refinement Fil®*(D), and it may have no strongly non-split non-critical
refinement at all. Hence, “strongly non-split” depends on the choice of triangulation.

3.3. More general cases.

Remark 3.18. We end this section with a heuristic procedure for locating possible triangula-
tions of a fixed (p, 'k )-module D over Rk g, where E is a finite extension of QQ, containing the
Galois closure K™ of K. This discussion will not be used later. As the first step, consider
the locus X7 in Tg(E) where the character 6; = § makes the space

{f1 € H'(D"(&:))|Vo € Sk, fi #0 € H(DY(61)/ts)}
nonempty, where f; denotes the image of f under the mod-t, reduction map
HOHl%FK (D, RK,E((S)) — HOIH%FK (D/tg, R}QE((S)/tJ)

By the classification of (¢, 'k )-submodules of Rk g(d;1) in Lemma 2.7(iii), any f; in the space
above corresponds to amap f1 : D — Ry (1) of (¢, I'k)-modules that is surjective, and vice
versa. To the data of (41, f1), we associate a (¢, ' )-submodule of D of rank n — 1 as

0— Dyt ==ker(f1) = D 25 Rgp(81) = 0.

The next step is to consider, for all (f1,d;) found in Step 1, the locus X3 in Tg(E) where the
character 65 = 0 makes the space

{f> € H'(D)/_(62))|Vo € Sk, fo # 0 € H'(Dy/_1(52)/t+)}

nonempty. Any fo from this space corresponds to a surjective map from D,,_; to Rk g(d2) of
(p, ' )-modules, whose kernel (we denote by D,,_5) satisfies

0— Dn_g = kel"(fg) — Dn_1 f—2> RK,E((;Q) — 0.

Continuing this way, we get data (d1, f1, 02, f2,- -+ 0n_1, fn_1,0n), where for D,,_; := ker(f;)
with D,, = D, f; are chosen from

{szH()(Dr\L/ z+1 |VU€ZK,fl7AOEHO(DT\L/ H—l( i)/tff)}?

from which we know there is a triangulation Fil*(D) = D, on D with parameters (0, ..., 01).
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4. PULLBACK OPERATIONS

Consider the stack X,, = Xqr,,, of G g-equivariant vector bundles of rank n on the Fargues-
Fontaine curve X, the stack X p of G'x-equivariant P-bundles on X4 for a standard parabolic
subgroup P C GL, containing the upper triangular Borel subgroup B C GL, with Levi
quotient M = GL,, x--- x GL,,, and the stack X,; of Gk-equivariant M-bundles on X+,
all over the category of rigid F-analytic spaces Rigy equipped with the Tate-fpqc topology, cf.
[EGH, §5.1, §5.3]. Note that X); = X,,, x -+ x X,,.. When P = B, the Levi quotient M is the
diagonal torus, which we denote by T' = (GL;)" so that X7 = X1 x - -+ x X;.

By [EGH, 5.1.1 and 5.1.5], a point of X,,(Sp(A4)) is a (¢, 'k )-module D of rank n over Rx 4,
and a point of Xp(Sp(A)) is a pair (D, Fil*(D)) consisting of a (¢, I )-module D of rank n over
Rk, together with a filtration

0 =Fil"(D) c Fil'Y(D) c --- C Fil'(D) = D

by (¢, Tk )-submodules with the subquotients Fil’(D)/Fil’"!(D) being locally free over Ry 4
of rank n; for all 1 <+ < r,in which case we say that Fil*(D) is a P-parabolization on D. In
general, a (¢, 'k )-module D of rank n is called paraboline if it admits a P-parabolization for
some parabolic subgroup P of GL,, containing B.

For P; the parabolic subgroup containing B of Levi quotient M; = GL,_; x GL;, we may
consider the pullback map p; , : Xp, = Xp,, sending a P;-bundle

(0— D,_;— D — D":=D/D,_; —0),
where D,,_; is a saturated (¢, 'k )-submodule of D of rank n — i, to the P;-subbundle
(0= Dy = pio(D) = t,D" —0).
This makes sense on X for any parabolic ) such that B C ) C P, where p; , acts similarly.

Remark 4.1. On X, consider p; , : X — Xp. Over the sublocus of 7" where wt,(6;/0)) # 1
foralll < j <mn—i< k < nwith fixed 7, and for a non-split pair (D, Fil*(D)) € X,(B), it
follows from Theorem 3.1 that from p; ,(D, Fil*(D)) together with its induced triangulation,
we can recover D together with its triangulation.

Lemma 4.2. Foranyl <i < j<nando,7 € Xk (with possibly o = 7 ), we have that
Pio ©Pjr = Pjr © Pio
as maps from Xq to Xq, for any parabolic () such that B C Q C P; N P;.
Proof. We may assume @ = P, N P;. Then, a Q-bundleis D € X,,(A) together with a filtration
0c D, j:=Fil"/(D)c D, ;:=Fl""(D)Cc D, =D

by (¢, 'k )-submodules over Rk 4 such that D*® := D/D,,_, is locally free of rank e € {i, j},
and p; (D, Fil*(D)) = (D,,—; — t,D"), which has the induced Q-filtration

0C anj cD,_;C pi,U(D, Fll.(D))
From this we see that, because the twist by ¢, commutes with pullback via t,,
pj,T(pi,a(D7 Fll.(D))) = (Dn—j - tT(Dn—i/Dn—j - tUDZ))
= (Dp—j — t:(Dyi/Dy—j) — t:t,D")

= (Duy — to(Dusi/ Doy) — to(t:D))
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= pi,cr(pj,T(D7 Fll.(D») )
which completes the proof. U

4.1. Substacks. We define several substacks of X,, in this subsection. We will see in Theorem
4.12(i) that p; , descend to them.

Definition 4.3. (i) Recall we have the morphisms of stacks

Xp
7 ap
X, \ Xm
where for a paraboline (¢, I'x)-module (D, Fil*(D)) € Xp(A), we have the forgetful map
Bp(D,Fil*(D)) = D,

and the map

ap(D,Fil*(D)) = (Fil'(D)/Fil" *(D));

0

taking the successive quotients of the P-structure Fil*(D)
(ii) For P = B, we define the weight maps

wr = X7 — Resg g, (A™8) 5 = (AR)7E5E (6),...,8,) = (wt(8), ..., wt(5,))

and

D.

wg: Xp 25 Xp 25 (AR)EEE (D Fil*(D)) — (wt(6y), ..., wt(d,))

where §; are the unique characters determined by the rank 1 subquotients
Fil'(D)/Fil' (D) = R a(6;)@0g, 1, Li-
With the projection .
pr, : (A)08 — AR

onto the o-component for o € Y, we define the o-weight maps by

Wi = pr, 0wy : Xp = AEE (01,...,0,) = (wty(81), ..., Wts(d))
and

Wpe = wWreoap: Xg — AL (D, Fil*(D)) = (wty(51), ..., wts(,))-
Definition 4.4. Let S C Yk be a subset of embeddings of K into E.

(i) For a trianguline (¢, 'k )-module D over R 4, we say D is S-weight-uniform trian-
guline if for every rigid point z € Sp(A) and every finite extension L/k(z), the o-weight
map wp,, is constant on B5' (D, ®p(z) L) for every o € S. That is, all triangulations on
the fiber D, ®j(.) L induce the same ordering on its o-Sen weights for all o € S.

(ii) Asthe S-weight-uniform trianguline condition is defined via geometric fibers, it is stable
under base change. Denote by X% this substack of X, and by X5V the sheafification
of its image under S in X,, with respect to the Tate-fpqc topology on Rigy. We refer to
X% and X5 as the S-weight-uniform substacks.

(iii) If S = Xk, we simply write X}" and X", and call them weight-uniform substacks.
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Remark 4.5. Sheafification is necessary for descent-theoretic reasons. [EGH, Example 5.3.2]
gives a filtered p-module on P! defining a (¢, I'g, )-module of rank 2 on P!, which has no global
triangulation on P!, but is globally trianguline over the two copies of Al

Definition 4.6. (i) Fixo € ¥ andi € {1,...,n}.

(a) Let U; be the Zariski-open subspace of A%’rig that is complement to the hyperplanes
{T; =T, =0} foralll <j<n—iandn—i+1 <k < n, where we denote by
{Ti|]1 <1< n} the standard coordinates on A",

(b) Let X7 denote the sheafification of the image f5(X5™™ Nwgl,(U;)), which is the
substack of X9-"" characterized by the property that D € X5V%(A) if and only if for
any z € Sp(A) and for any triangulation on the fiber D, € X,,(k(z)), its first n — i
ordered o-Sen weights are disjoint from its last ¢ ordered o-Sen weights in k(z).

(c) Fora < 0 < b € Z, let X5 be the substack of £7"" given by the condition
that D € X5"""(A) if and only if for any = € Sp(A) and for any triangulation on
D, with parameters (d; ., . .., 0,..), we have

{wte(0; )11 <j<n—i}N{wt; (o) +hln—i+1<k<nhelabNZ}=10

in k(z). In particular, X2 defined in (b) is equal to X5 """,
(i) Fix S C X, and for each o € S, choose a subset

I, ={1<i; < <iq, <n}

of {1,...,n} of size d,. Set i = 0 and iy, 1 = n. For k = (k,;)oesicr, € N2=oes let

O-WW,im, (U, . o,y _ _ l .
ﬂ m X7 1 c xs wu, [k — ﬂ ﬂ xe W, im, (0,650 ]

ceS m=1 oceS m=1

be the substack of X5 given by the condition that D € X5™"%Ik(A) if and only if for
any z € Sp(A) and for any triangulation on D, with parameters (J; ,,...,0,.), setting
(hio)s =Wty (d;.), for all o € S we have that

VO<m<dy,,Vn+1—ipy <j<nt+1—ip,,VO<m' <mVn+1—ipq <k<n+l—iyy

CIEN,OSGS i ka,ir}

r=m'+1

(hjﬁ)z ¢ {(hk,cr)z +a

in k(z). On the other hand, for —k = (—k,;) € Z?O"ES 9 et

O-WW, i,y | = 2 p=1 Roir _ — = 1 — .
NN B AT E

oeSm=1 ceS m=1

be the substack of X3! given by the condition that D € X5"%!:=k(A) if and only if for
any z € Sp(A) and for any triangulation on D, with parameters (J; ,,...,0,.), setting
(hio)s = Wty (d;.), for all o € S we have that

VO<m<dy,,Vn+1—ipy <j<n+1—ip,,VO<m' <mVn+1—ipq <k<n+l—iyy

aeN0<a< i kg,ir}

r=m’+1

(hj,a>z ¢ {(hkﬁ)z —a
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in k(z).
(iii) When S = X and I, = {1,...,n} for all o, we simply write XK to ease the notation.

Remark 4.7. One should think of the conditions defining X5~k a5 the requirements on

7" do not meet any of

weights such that changing the weights through the pullback ] . sicl, pi
the relevant walls in the weight space.

Corollary 4.8. The following two classes of (¢, 'x)-modules of rank n over Ry a give rise to
Sp(A)-valued points of X" :

(1) if D € X,(A) is trianguline and D, is non-critical crystabelline at all z € Sp(A).

(i1) if D € X,(A) has a strongly non-split triangulation Fil*(D) with parameters in TJ*(A).

Proof. (i) follows from Definition 3.13, and (ii) follows from Corollary 3.5. O

4.2. Operation p;, on X7V, We begin by recalling Wu’s result obtained in [Wu] that we
rely on, and then explain how it extends p; , and allows us to define morphisms on our stacks.

Lemma 4.9. (i) Let R be any commutative unital ring, and let Q, S, Q’, S" € R[T] be monic
polynomials such that deg(Q) = deg(Q'),deg(S) = deg(S"), Q(T)S(T) = Q' (T)S"(T)
and (Q',S) = (1). Then, Q@ = Q" and S = 5'.
(i1) Let k be a field of characteristic 0, and let Q, S, Q’, S’ € k[T] be monic polynomials such
that QS = Q'S and Q(T' — 1)S(T) = Q'(T — 1)S(T). Then, @ = Q" and S = S".
(i) Let A be an affinoid Q,-algebra, andlet@, S € A[T] be polynomials. Then, (Q(T'), S(T)) =
(1) if and only if for any z € Sp(A), the sets of roots of Q(T) @4 k(z) and of S(T) @4 k(z

in k(z) have empty intersection.
Proof. (i) Subtracting Q'(T)S(T') from both sides of Q(T)S(T) = Q' (T)S'(T), we get
(Q—-QNS=Q'(S - 9).

Since (@', S) = 1, we find polynomials A, B € R[T]such that AQ’+ BS = 1. Multiplying
both sides of AQ' + BS = 1by (5" —5), we get

AQ(S'— S)+ BS(S'— 8) =S — 8.

Each of the two terms on the left is divisible by S, so is the right-hand side S” — S. Thus
there exists C' € R[T]| such that S" — S = C'S, or equivalently,
S'=(1+0)S.
But by assumption, S and S” are monic polynomials of the same degree deg(S) = deg(S").
So,C'=0and S = 5" Then (Q —Q')S = 0in R[T]. Since S is monic, we have Q) = @’.
(ii) The relation QS = @S’ implies % = % € k(T). The relation Q(T — 1)S(T) = Q(T —
1)S'(T) implies g,((?__ll)) = gg)). Thus, the rational function C(7) := Q(T")/Q'(T) € k(T)
satisfies C(T) = C(T' — 1), and hence C(T) =C(T' - 1) =C(T' —2)=C(T —-3) = ....
Since k has characteristic 0, the rational function C(T") = Q(T")/Q’(T') equals a constant
¢ € k. Then, ¢ = 1 since both @ and )’ are monic. Thus, 1 = % = % as desired.
(iii) This is [Wu, Lemma 3.15]. O
Let D be a (¢, 'k )-module of rank n over R 4. Fix an embedding o € ¥ and denote by
Psen(T) € (K ®q, A) [T] the Sen polynomial of D, and by Psen (1) the o-Sen polynomial,
i.e., the o-component of Psen(T') via (K ®q, A)[T] = [[,cx, AlT]-
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Theorem 4.10 ([Wu, Proposition 3.16]). Suppose that the o-Sen polynomial Psen,(T) of D
admits a decomposition Pge,,(T) = Q(T)S(T) in A[T] by co-mazimal monic polynomials.
(i) There ezists a unique (o, Ik )-module D" over Rk a contained in D and containing t, D
such that the Sen polynomial of D is equal to

QT = D)S(T) [ Psenr(T) € ] AlT).

T#0 o€ K

(ii) There exists a unique (o, Tk )-module D" over Ry a contained int;'D and containing D
such that the Sen polynomial of D" is equal to

QT+ 1)S(T) [[ Psenr(T) € ] AlTY.
T#0 oEX K

(111) If the image of each difference between the roots of Q(T') and S(T) in k(z) never belongs
to{—1,0,1} for all z € Sp(A), then the operations in (i) and (ii) are mutual inverses.

Proof. (i) Thispartis [Wu, Proposition 3.16] except that it is stated there that the submodule
D' is containing t D, instead of t,D. Let us sketch Wu’s construction and the proof of its
uniqueness, and then indicate why his proof shows that t,D C D’ C D, which is a priori
stronger than tD C D' C D.

By Beauville-Laszlo gluing [Wu, Proposition A.3], it suffices to look at the o-component
D¢ ,(D) of the “localization” Dg¢(D) = D ®g, , (Ke ®q, A)[[t]], which is finite
projective of rank n over (Ko ®x, A)[[t]] with a semilinear I'x-action, and show that
D (D) has aunique I' g-stable projective submodule M containing t D , (D) such that
the Sen operator ©, on Dse, ,(M) = M/t M has o-Sen polynomial Q(7 —1)S(T). Then,
the (¢, 'k )-submodule D’ corresponds to the I'-stable lattice in DZ.(D)[1/¢] given by

D(—i‘,—ifT(D/) — D$f,T(D) lfT S EK \ {0}7
’ M ifr=o.
This submodule M is explicitly given by
M = ker(Dfy (D) = Diie (D)t = kex(Q(O,)| Dsens (D)),
where we have the canonical decomposition as A[T]-module on which T" acts by ©,,
Dsen o(D) = ker(Q(O4)| Dsen,o (D)) @ ker(5(O5)| Dsen,o (D)),
thanks to the assumption that Pse, »(7') = Q(17)S(T') and (Q(T), S(T)) = 1.

The uniqueness also follows from this canonical decomposition of Dge, (D). Indeed,
let R :== Ko ®ko, A and let M be any I'k-stable projective R][t]]-submodule M of
D¢, (D) containing D (D) so that the Sen operator ©, on Dgen (M) = M/tM has
characteristic polynomial Q(7" — 1)S(7T). Then from

t*D}; (D) CtM C tDg (D) € M C D}, (D),
we obtain two exact sequences of I'g-stable R-modules
(4.2.1) 0 = tDg¢ ,(D)/tM — M/tM — M/tDg; (D) — 0,

(4.2.2) 0 = M/tDg; ,(D) = Dy ,(D)/tD{y , (D) = Dy ,(D)/M — 0,
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which, as we now show, following [Zhul7, Lemma 1.1.5], consist of projective R-modules.
Since M is projective over R|[[t]], M /tM is projective over R = R|[[t]]/tR][[t]]. Similarly,
D3 (D) /tDg; (D) is projective over R. Since M is an R[[t]]-lattice in the projective
R((t))-module Ddlfp—(D) = D ,(D)[1/t] of rank n, it follows that

Dyito(D)/M = @t~ "M/t M
k>0
is projective over R since M /tM and so t~*+Y M /t=* M are projective. Similarly,
Ddif,o( /Ddlf o @t (k) D(;f a' )/kaIif,g(D)

k>0

is projective over R because D ,(D)/tDZ; (D) is projective over R. Hence, from
0 = Diji ,(D)/M = Dait.o(D)/ Dy o(D) = Dait.o(D)/M — 0

we conclude that D (D)/M is projective. By (4.2.2), M/tD}; (D) is projective. For
the sequences (4.2.1) and (4.2.2) of finite projective I'x-stable R- modules, we look at the
derivative of I'g-action, i.e., the Sen operator ©,, to get the factorizations

PSemM/tM (T) PSen DT

dif,o

(D )/tM(T> ’ Psen,M/tD(;fﬁ(D) (T)
PSen,DziLifya(D)/tDjif’a(D) (T) = Psen,M/th (D) (T) ) Psen,Dﬁf,U(D)/M(T)
Since the derivative of I'x on D (D) is a derivation V : Dg; (D) — Dg; (D) over the
derivation ¢ on the coefficient R[[t]], cf. [Fon04, §3.4], it follows that
V(ty) =ty +tVy
for any y € Dg; (D), from which we see

P, +
Sen thlf

(D)/tM(T) = Psen,D(;fJ(D)/M(T —1).
Thus Q'(T) = Py, D (D pyu(T), S (T) := Peen najipt, (D) (T") are monic polynomials in

A[T] satisfying the equalitics

Q(T)S'(T) = Pseno(T) = Q(T)S(T),

Q' (T —1)S"(T) = Psen,men(T) = Q(T — 1)S(T).
For each z € Sp(A), we can specialize to the polynomial ring k(2)[T] over the residue
field k(2) and apply Lemma 4.9(ii) to deduce that Q.(T") = Q.(T) and S.(T") = SL(T).
Hence, deg(Q') = deg(Q) and deg(S) = deg(S’), and by Lemma 4.9(iii), we deduce
comaximality (Q,5) — (@.5) = (Q.5') = (', 5") = A[T], and that Q'(T) = Q(T)
and S’(T) = S(T) in A[T] by Lemma 4.9(i). By Chinese remainder theorem, we have a
natural isomorphism

AT) 5 AIT)/Q(T) x A[T]/S(T)

and we let eg = f71(1,0) and eg = f7!(0,1) be the idempotents in A[T]. Then, for any
R-linear section 8" : Dy (D) /M — Dy ,(D)/t that splits (4.2.2) as R-modules, we get
26



an R[O,]-linear section s := eg(6O,) o s’ that splits (4.2.2) as Sen-modules by the choice
of eg and the fact that ()’ = @ and S = S’. This must be the canonical decomposition

DSen,U(D) = ker(Q(GU)‘DSen,U(D)) S ker(S(@O'> ’DSEILO'(D))‘
So, M/thlfg(D) = ker(S(0,)|Dgeno (D)) and
M = ker(Dg; ,(D) = Dy ,(D)/t = ker(Q(O5)| Dseno (D)),
which proves the uniqueness of such I'x-stable projective submodule.
By construction, tD}(D) C DL (D) C Dj:(D). Hence, we know that tD C D' C D

by Beauville-Laszlo. To show that t,D C D’ C D, it suffices to note® that
® t, acts as a unit on the components D (D) for 7 # o, and

e t, acts as t on the g-component D U(D)

This means that in the construction of M C Dy (D) above and the proof of uniqueness
of such M, we may replace t by t, and obtain the same result.
(ii) Thisisa corollary to (i), after replacing D by ¢ ' D and switching the roles played by Q(T)
and S(T') in the statement of (i): the Sen polynomial of ¢! D is exactly

Paeno(T + 1) [ [ Psenr(T) = QT + 1)S(T + 1) [ [ Psen(T) € ] AlT]
ro — oE€S K

The o-component of D1 (t,'D) =t D:(D) contains the I' x-subrepresentation

M = kex(Dd, (152 D) = D, (15" D)/t = ker(S(0, + 1)| Dsens (52 D))
which is the unique I'x-stable projective submodule containing

(D0 (t5D) = 1o D (t2D) = Diy(D)
such that O, acts on Dge, (M) with Sen polynomial
QT +1)S(T+1-1)=Q(T+1)S(T)

by (i). The result then follows.
(iii) The assumption ensures (Q(7),S(T)) =1=(Q(T' —1),5(T)) = (Q(T+1),5(T)). The
desired conclusion follows from the uniqueness part of (i) and (ii). O
Proposition 4.11. Let (D,Fil*(D)) € Xg(A) be a triangulated (p, I k)-module over Rx a
with parameters (81, ...,9,). Then,

n

Psen o (T) = [ [(T — wt (1)) € A[T]

=1

factors naturally. Suppose there exists a nonempty subset I C {1,...,n} such that
QiT) = [[(T = wto(dm), SiT):= [] (T —wte(om))
mel me{l,...n}\I

60ne way to see them is to apply the uniqueness proven in the preceding paragraph to Rk, g, which yields

to Rk E as it has the correct Sen polynomial and satisfies tRx g C t, Rk g C Ri,r. Comparing D$f,- yields
Koo Q.+ Ellt if 7 # o,
to (Koo 01,0 B[A) = 4 oo o Pl 77
t(Keo ®k,r E[t]]) if1T=0,,

which implies the desired result.
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are comaximal in A[T|. Then, applying Theorem 4.10(i) (resp. Theorem 4.10(ii)) to
PSen,U (T) - QI(T)SI(T>
produces a (p, 'k )-module D' C D (resp. D" D D) that is again trianguline.

Proof. Passing to a finite admissible cover {Sp(4;)}]_; of Sp(A), we may assume that the line
bundles £; = H) . (gr'(Fil*(D))(6; ")) = Homyry (Rx.a(8:), gr' (Fil*(D))) are trivial. For a

(2

(¢, Tk )-module Ry 4(8) of rank 1, DL.(6) and Dgen(8) = D3¢(8)/t are free of rank 1. By the
functoriality of D, D;¢(D) is free of rank n over (Ko ®q, A)[[t]]. The triangulation Fil*(D)
induces abasis {e1, ..., e, } of Di..(D)suchthat Span(ey, . .., e,,) = D1 (Fil™(D))forl < m <
n. Using Dj;(D) = HTGZ‘K Dchrif,T(D) and Dsen(D) = Dge(D)/t = HTEZK(D:&,T(D)#) =
HTezK (D:{ifJ(D)/tT) = HTEzK Dsen (D), we get an induced basis {e1 , . . ., €.+ } of Darif’T(D),
which modulo ¢; reduces to a basis {€; , ..., €, } of Dgen’T(D), for each 7 € Y.
By the comaximal factorization Psen (1) = Q(T)S;(T"), we have the decomposition
Dsen (D) = ker(Qr(©4)|Dsen,o (D)) © ker(S1(0,)| Dseno (D))-

Thanks to the triangulation, we have the decomposition of ©,|pym(p)y on the filtration steps

Dgen o (FiI" D) = ker(Q1(0,)|Dsen,o (FiI" D)) @ ker(S;(©4)| Dsen o (Fil™ D))
compatible with the filtration, which implies that

Fil"™ Dgen o (D) = Fil"™ ker(Q (04 )| Dsen,o (D)) @ Fil™ ker(S7(04)| Dsen,o (D))

for each 1 < m < n. We can choose a new basis {€], ..., e}, } of Dj.:(D) such that
(1) Span(el,...,el,) = DL (FiI"™(D)) for 1 <m < n, and
(2) we have

Fil” (ker(Q(0,)|Dseno(D))) = Span {&; ,|i € {1,...,m} NI},

Fil™ (ker(S1(0¢)|Dsen,s (D))) = Span {€ ,|i € {1,...,m}\ I},
foreachl <m < n.
Indeed, we obtain {¢], ..., e, } from {ey,...,e,} by induction on n. When n = 1, e; reduces to
an eigenvector €, , of ©, with eigenvalue being the unique root of Py, gt (py, (T'). So, we can
set €| := ey, which satisfies (1) and (2) for the (i, I'x)-module Fil' (D) of rank 1. Suppose that,
for 1 < m < n, we have chosen {e], ..., e/ _,} that satisfies (1) and (2) for the (¢, Ik )-module
Fil'(D) of rank [, for all | < m — 1. For Fil™(D), the basis {¢/,...,¢e _,,en} satisfies (1) but

'y “m—1>»

not necessarily (2). Choosing B, C' € A[T] such that BQ; + C'S; = 1, we have
Em,o - (BQI + CSI)(@U)<Em,U) — ?QI(GU)(Em,al_’_gSI(@a)(Em,az7

eker(g*; (04)) eker(az(%))

and there are two cases for us to discuss:

e If m € I, then Fil"™ (ker(S;(0,)|Dseno (D)) = Fil™ ! (ker(S;(0,)| Dseno (D)), which
has a basis given by {E;U!i € {1,...,m — 1} \ I} by the induction hypothesis. Thus,

BQI(@J) (Em,a) = Z ai,aé;,a

ie{l,...m—1}\I



belongs to SpanKoo@)KYUA {é;a‘z’ e{l,....om—1}\ I}, for some a; , € Koo @k 5 A. Let
a; € Koo ®g, A = HTEEK Ko ®f . Abethe element (0,...,0,a;,,0,...0), and set

/o /
€ 1= Cm — E a;e; -

Then, {e],..., €/} is a basis of D}..(Fil"(D)), and o = Cmo — BQ1(0,)(Eme) =
CS1(0s)(Emo) € Fil™(ker(Q1(O,)|Dseno(D))). Hence, (1) and (2) are satisfied.

o If m ¢ I, then Fil" (ker(Q[(©,)|Dsens(D))) = Film_l(ker(Ql(@o)]DSen’U(D))), which
has a basis given by {E;Ai e{l,....m—1}nN I} by the induction hypothesis. Similar
to the above case when m € I, we can subtract from e,, a suitable (K ®qQ, A)-linear

combination of €],... e/ | toget e/ such that {¢],..., e } satisfies (1) and (2).

By induction, we conclude the existence of a basis of DJ..(D) satisfying (1) and (2). Without
loss of generality, we may assume that our chosen basis {ey, ..., e,} satisfies (1) and (2).

By the construction of D” O D, it suffices to consider the submodule D" C D. By Wu’s
construction given in the proof of Theorem 4.10, the submodule D" has D (D') = Dy (D)
forall T € ¥k \ {0}, and using our modified basis, it is easy to see that

Dt »(D') = ker(Dg; ,(D) = Dy ,(D)/t = ker(Q1(5)| Dsen,s (D)) = Span{ey, ... ¢,

Y nl

where e/, ==t e, ifm € I and €], := e,,if m ¢ I. Since Span(ey, .. ., e,) = Di(Fil™(D)) are
I'g-stable for 1 < m < n, the only way for D:{if’U(D’) to be I'-stable is that Span(e], ... el )

are ['-stable for 1 < m < n. Using the triangulation Fil*(D) on D, Beauville-Laszlo gluing
[Wu, Proposition A.3] implies that the I'x-stable flag on DZ..(D’)

{Span(e},... e )|l <m <n}

determines a triangulation Fil*(D’) on D’ such that D3, (Fil™(D’)) = Span(ey, ..., €,,) and

rm

Riga(2s0,) ifmel,

Fil™(D')/Fil™ (D) = {RKA(5 ) ifmgl

foralll <m <n. ]

Theorem 4.12. (i) Let D € X7V (A). Tate-fpqc locally, choose any triangulation Fil*(D)
on D over Ry 4 with parameters é = (01, ... ,0,) so that

Fil'(D)/Fil' (D) = R 4(6;) @0, 4, Li

for some line bundles L; on Sp(A). Over the Tate-fpgc cover, p; (D, Fil*(D)) equals the
unique submodule of D defined in Theorem 4.10(i) and is thus independent of the choice
of local triangulation Fil*(D). The submodule p; (D, Fil*(D)) descends to the unique
submodule D" of D over Sp(A) defined in Theorem 4.10(i).

(ii) Denote the operation D — D" in Theorem J.10(ii) by q; ,. Then for D € XI™W1(A) =
%Z'Wu’i’[o’l](A), we have p; ,(D) € XTVW71(A) = xowub-10] (A).

(111) For any subset S C Yk, and subsets I, C {1,...,n} foro € S, andk = (ki ,)oesic1, €
NXoes el any tuple of nonnegative integers, there is an isomorphism

. AS-wu,l k S-wu,l,—k
Pk - %n — %n
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given by the composite of elements from {p;,|1 <i < n,o € Xk} in any order in which
Die appears with multiplicity k; ,, whose inverse is given by

. AS-wu,l,—k S-wu,l k
qk : %n — ‘%n

that is defined as the composite of elements from {q; ,|1 < i < n,o € L} in any order in
which q; » appears with multiplicity k; .

Proof. For any (¢, 'k )-module D over Sp(A) that belongs to the stackification of the image of
B : Xp — X,, it becomes trianguline after pullback to a Tate-fpqc cover {X; — Sp(A)}je.
The coverings in the Tate-fpqc topology are generated by the usual (admissible) Tate coverings
and the morphisms Sp(B) — Sp(A) of rigid spaces for faithfully flat maps A — B of affinoid
E-algebras, cf. [EGH, §5.1.7]. Since Sp(A) is quasi-compact, {X; — Sp(A)};es can be refined
to an fpqc cover Sp(B) — Sp(A). In the proof of (i)-(iii) below, we implicitly take an fpqc mor-
phism f : Sp(B) — Sp(A) such that f*D = D®4B is trianguline and give our constructions
of p; » and ¢, , over Sp(B). For any point y € Sp(B) and z := f(y) € Sp(A), the fibers satisfy
(f*D)iy) = D. ®p(z) k(y). Since X, satisfies Tate-fpqc descent, our constructions on f*D over
Sp(B) descend to constructions on D over Sp(A), because the uniqueness part of Theorem 4.10
implies that p; , and ¢; , respect the isomorphisms in the descent data. Thus, p; ,(f*D) C f*D
descends to p; ,(D) C D in (i), and ¢; ,(f*D) D f*D descends to ¢; ,(D) D D in (ii).

(i) Passing to a finite admissible cover {Sp(A4;)}]_; of Sp(A), we assume the £; are trivial. By
the definition of U;, we have that for all z € Sp(A),

{Wto(812)s ooy Who (On—in) } VAWt (On—iz12)s -, Wt (n2)} = 0.
inside the residue field k(2) for all z € Sp(A). Thus, for Q;,(T) := [[}_, _;,,(T —wt,(d;)) and
Sie(T) =11} U(T — wty(5;)), we have (Q;,+(T), Sio(T)) = (1) and a factorization

PSen,U (T) = Qi,U(T>Si (T) € A[T}

which is independent of the choice of Fil*(D): indeed, if {4/ }" _, is the parameters attached
to another triangulation of D over Rk 4, then we get another co maximal factorization

PSen,cr(T> = Q;,U(T)Sz{,a (T) < A[T]
where we similarly put Q; ,(T) := [, _, (T — wt,(0})) and S} ,(T) := H;L:_f(T — wits(07))).

j=n—i+1
Moreover, we have (Q; U(T), Sio(T)) = (Qix(T), S ,(T)) = 1 by Lemma 4.9(iii). We conclude
that Q; - (T) = Q; (T ) and S; ,(T) = S; ,(T') by Lemma 4.9(i).

Let {€1,...,€ni,...,en} be abasis of Dj.(D) as in the proof of Proposition 4.11 with
I={kin—i+1<k<n}cC{l,...,n}
such that for the splitting of Dge, »(D) as
ker(Q(8,) | Dsen,o (D)) & ker(S(6,)| Dsn (D)) = Do (D/Fil" (D)) & Do o (Fil" (D))

according to the derivative ©, of the I'k-action, the mod-t, reduction {ey, ..., €,—;} is a basis
of ker(S(0,)|Dseno (D)) and {€,—;51,...,€,} is a basis of ker(Q(0,)|Dseno(D)). From the
proof of Proposition 4.11, we see that the submodule N of basis

{61, N taen,iﬂ, e ,taen}
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in D} (D) corresponds to the module M given by Wu in Theorem 4.10(i). Thus p; ,(D, Fil*(D))
corresponds to M since the localization of p; , (D, Fil*(D)) clearly has the same basis

{617 ey €y, tgen_Hl, e ,taen}

by the definition of pullback, and (i) is proven.

(ii) Keep the notations in the proof of (i), in particular the basis ey, ..., e,. By (i), ¢;»(D) can
be computed using any triangulation Fil®*(D) on D with respect to which our basis is chosen,
because all triangulations induce the same factorization of o-Sen polynomial. We know that
¢io(D) is trianguline by Proposition 4.11. Let A4, ..., h, be the ordered o-Sen weights of D
with respect to any triangulation Fil*(D). Then,

m

W hon ifl1<m<n-—i,
N hyp+1 fn—i4+1<m<n.

are the ordered o-Sen weights of an induced triangulation on the pullback D’ := p; ,(D). Since
we assume D € X701 (A) = %f[wu’l’[o’”(A), we have

Wy # hy  (mod m.), hj#h,—1 (modm,)

for all z € Sp(A) with the corresponding maximal ideal m, and forall1 < j <n —i <k <n.
In particular, we can apply ¢; , to D’. It remains to show that D’ is o-weight-uniform. Assume,
for the sake of contradiction, that there exists another triangulation on D’ such that at some
point z € Sp(A), the induced ordering on o-Sen weights is

/ /
(hw(l),z7 T w(n),z)
for some w € S, such that for some 1 < mg < n, hiv(mo)’z +# h;no’z € k(z). By Proposition 4.11,

this other triangulation on D’ induces on ¢; ,(D’) = ¢;»(pio(D)) = D a triangulation whose
ordered o-Sen weights are (hY, ..., h!) with

o Posimy = 1 = huw(my ifw(m) € I:={kln—i+1<k<n},
" Womy = w(m) if w(m) ¢ 1.

m)

Case (a). If {mq, w(mo)} is contained in either I or I then Al # hi, . € k(z) implies
h;:q,o,z - hw(m0)7z % hmo,z (- k(z)

contrary to the assumption that D is o-weight-uniform.
Case (b). Otherwise, either mg € I but w(myg) & I, or mg ¢ I but w(myg) € I. Then we have

h;;lo,z = hw(mo),z 7’é hmo,z S k‘(z)

because D € X7 (A), contrary to the assumption that D is o-weight-uniform.
Hence, we conclude that p; , : X751 — X7-Wui~1 preserves o-weight-uniformity.

(iii) By Lemma 4.2, the independence (i) of triangulations for the pullback interpretation of p; ,
under the given assumption on weights, and (ii) that p; , preserves weight-uniformity under the
given assumption on weights, it follows that any ways of composing p; , with multiplicity k; .
as i varies in {1,...n} and o varies in X i produce the same result, which is the morphism py.
Since ¢, , is the inverse of p; , by Theorem 4.10(iii), it follows that we can define gx by composing

i » s with multiplicity k; , in any order. It is clear that py and ¢ are mutual inverses. 0]
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4.2.1. Tosummarize, we have p;, : Xp — Xp, which is often invertible by Theorem 3.1. By
Theorem 4.12, this induces a “change of weights” morphism of stacks

Dio : XS X,

which, if the “regularity” of the Sen weights is unchanged after the weight change, is invertible:

~

Dig s XOWUGL Yy gpowui—1
by Theorem 4.12(iii). Moreover, we know by Lemma 4.2 that forany 1 < i,j < nandr,0 € Xk,
(pjr © Pio) (D) = (Pio 0 pj,r) (D)
whenever the pullbacks are independent of the choice of triangulation.

P Xk S ek

as long as the “regularity” of the Sen weights is unchanged after the change. See [Wu, Example
3.18] for the general (non-invertible) case of changing the Sen weights on X,, in a similar way.

One family of “nice” D are those non-critical crystabelline (¢, Ik )-modules D € X" (A) of
regular Sen weights. When A = F is a finite extension of Q,,, we verify in the last section that
Pi.s on D corresponds to the translation functor on (D), for Ding’s construction (D).

4.3. Etaleness. According to Jean-Marc Fontaine and others, there is an equivalence of cate-
gories D, between continuous E-linear Gal(K| K )-representations and étale (i, I'x)-modules
over R, . We study in this subsection how the pullback operations interplay with étaleness
on certain very generic or non-critical crystabelline (¢, I' ¢ )-modules.

In this subsection, we write R := R g. Let Cg be the category of local Artinian E-algebra
(A, m,) with residue field A/my = E. By [BC09, Lemma 2.2.5], our discussion also applies to
A-linear Galois representations and (¢, I'x )-modules over Ry 4 for A € Cg.

Let us recall Kedlaya’s theory of slopes. For a (¢, ' )-module D of rank n over R, we define
its degree by deg(D) := deg(A"D), which is the p-adic valuation of a “p-eigenvalue” on A" D.
Then, the slope of D is defined by (D) := deg(D)/rank(D). We say that D is semistable if
for any finite free gp-submodule M of D satisfying ¢*M = M, one has u(M) > p(D). Then, D
is called étale if it is semistable of slope zero, cf. [Liu08, p.8].

Remark 4.13. The following properties clearly hold for (¢, I')-modules.

(i) If0 - D' — D — D" — 0 is exact, then deg(D) = deg (D’) + deg (D").

(ii) One has pu (D1 ® D) = p(D1) + p(D2).
(iii) We have deg (DY) = —deg(D) and (DY) = —u(D).
Example 4.14. By [KPX14, Construction 6.2.4], for any continuous character § : K* — E*,
if we factorize § = §"™ " such that 0" (7x) = 0(7x) and 6Wt|01x< = 0]px, then R(0) =
R(0"™) @z R(6™). Since R(6™) is étale and ¢! = d(mx) on R(6"™) = Dy 5(rye) @ ko6 R, where
Dy sty = Ko ®q, E carries a Frobenius semilinear endomorphism ¢ such that ¢/ = 6(7g),
cf. [KPX14, Lemma 6.2.3], it follows from Remark 4.13(ii) that

H(R(6)) = deg(R(5)) = %vaw)),

where v, is the p-adic valuation on Q, normalized by the condition v,(p) = 1.

The following is the slope filtration theorem by Kedlaya.
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Theorem 4.15 ([Liu08, Theorem 2.4)). Every (¢, 'x)-module D over R g admits a unique
filtration 0 = Dy C Dy C -+ C D; = D by saturated (¢, T i)-submodules whose successive
quotients are semistable with increasing slopes (D1 /Dy) < -+ < u(D;/Dy—1).

In view of Theorem 4.15 and Remark 4.13(i), we deduce

Corollary 4.16. A (¢,I'k)-module D over Ri g is étale if and only if (D) = 0 and it does
not contain any saturated (@, Ik )-submodule of strictly negative slope.

4.3.1. Suppose (D, Fil*(D)) is strongly non-split of parameters in 7.*(F). By Corollaries 3.5
and 4.16, D is étale if and only if Fil'(D) has non-negative slopes and D has slope zero. So,

Proposition 4.17. (i) If(D, Fil*(D)) is strongly non-split of parameter (61, . .., 6,) € T E),
then D is étale if and only if Y.~ vp(0; (7)) > 0 forl <m <nandy ;. v,(8;(7x)) = 0.
(11) If (D,Fil*(D)) is strongly non-split of parameter (61, ...,0,) € TJ(E) and étale, then
Djo (D) is étale up to twist if and only if

> vpl0ilmic) = = L<m<n—ji
=1
va(5i(7TK))+—m_(n_J)>@ n—j<m<n.

- e ~ ne
=1

Proof. (i) By Remark 4.13(i) and the definition of slope,

w(Fil'(D)) = deg(Fil'(D)) /rank(Fil (D)) = % Z deg(R(5;))

%

; 1
By Example 4.14, we see that p(Fil’(D)) = i Z v,y(0(mK)), for all i.
i
j=1
(ii) The new parameter of p; ,(D) is (61, ..., 0n—j, ToOn_jt1, ToOp_jt+2, - . -, To0y), and

vp(2o(Tx)) = vp(0 (i) = vp(7x) = 1/e.

Let x : K* — E* be any continuous character. The twist p;,(D)(x) is again non-

split and very generic of parameter (91X, . . ., 0p—j X, - - - ToOn—j+1Xs LoOn—j+2X> - - - s L0 X),
which is étale if and only if we have

> i1 Up(0i(mic)) + mup(x(7k)) = 0 fl<m<n-—j

S vp(0i(mR)) + (m— (n— 5))vp(mk) + muy(x(7k)) >0 Hfn—j<m<n-—1
Yo 0p(0i(T)) + Jup(mi) + nvy(x(Tk)) =0 ifm=n

by (i) above. Since D is étale, > - | v,(0;(7k)) + jvp(mK) + nv,(x (7)) = 0 implies that
vy(x (7)) = —j/(ne), which allows us to complete the proof by taking unramified x. O

4.3.2. Inthis paragraph, we consider the étaleness for D € ®T',.(¢, h). By Corollary 4.16 and
Theorem 3.10, all saturated (i, 'k )-submodules of D are Fil’,(D) = D,,; as in Proposition
3.14for 0 <i < nandw € S,. Let {a; := ¢(7x) }1<i<n be the p/-eigenvalues on DX (D).
Then, by Proposition 3.14(ii) and Example 4.14, we have

(4.3.1) 0y (0ui(TK)) = v, (H o (5)" u(a) (w)) = vp(u) + hw%-

[
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Proposition 4.18. Suppose D € ®T',.(¢,h). Let 7 € S, be a refinement such that

vp(ar)) S vplar) < -+ < vplarm).
Then, D 1is étale if and only if

J
Ti))Z_%Z;hi,a if1<j<n,

g

J
va(a (

i=1
va(oci) = —éth if j =n.
i=1 o,

Proof. Tt follows immediately from Corollary 4.16, our choice of 7, and Equation (4.3.1). O

Remark 4.19. Alternatively, to prove Proposition 4.18 we can observe that, by our choice of 7,
the n inequalities amount to having that the Hodge filtration on D.s(D) is weakly admissible
in the sense of [Fon94, Definition 4.4.3], or concretely [BS07, Equations (4) and (5)]. Indeed, by
[BM02, Proposition 3.1.1.5] and [Fon94, Proposition 4.4.9], it suffices to check t; (D) > tx(D’)
for all E-filtered (¢, G(K,,/ K))-submodules over K of D.s(D) with the induced filtration. But
these D’ are in bijection with the n! refinements, so their Newton numbers are clear, and their
Hodge numbers are clear by the non-criticalness assumption. A computation similar to that
for [BSO7, Proposition 3.2, (i) = (i7)] gives the n inequalities.

Corollary 4.20. Suppose D € X,,(E) satisfies either the hypothesis of Proposition /.17 or that
of Proposition 4.18 and is étale of reqular Sen weights. Suppose that p; ,(D) again satisfies the
hypothesis of Proposition 4.17 or that of Proposition 4.18 and is étale after twist by a character
X : K* — E* (whether this is possible can be checked by Proposition 4.17 or 4.18).

Then, for any local Artinian E-algebra A € Cg of residue field E and for any deformation D 4
of D to an element in X,,(A), pi»(Da) is again étale after twisting by the same character x.

Proof. First of all, by p; »(Da) we mean the result of applying Wu'’s construction (Theorem
4.10) to D4, which is applicable and deforms p; ,(D) from R g to Rk, a since at the unique
closed point z € Sp(A), D4, = D is assumed to have regular Sen weights.

The étaleness of p; (D4 )(x) follows from the assumption that p; ,(D)(x) is étale and the fact
that extensions of pure of slope s p-modules are pure of slope s by [BC09, Lemma 2.2.5]. [

5. RELATION WITH TRANSLATION FUNCTORS

5.1. Trianguline deformations of (¢, 'x)-modules. We discuss certain deformations of
(¢, 'k )-modules from Rk g to Rk 4 when A is a local Artinian E-algebra of residue field E.

Definition 5.1. Let D be a (¢, I'x)-module D of rank n over Rk g, and let A € Cg be a local
Artinian E-algebra with maximal ideal m4 such that A/my = E.

(i) By atrianguline deformation of D to Rk 4 we mean a trianguline (¢, ' )-module D 4
over R asuchthat Da®a E = Dy/maDy = D. Note that if Fil*(D,) is a triangulation
on Dy, then we have an induced triangulation Fil*(D4) ®4 Fon Dy ®4 E = D.

(ii) For any given triangulation F* on D, an F°*-trianguline deformation of D to R 4 is
a pair (D4, Fil*(D4)) consisting of a deformation D4 of D to Ry 4 and a triangulation
Fil*(D4) such that Fil*(D4) ®4 E = F* viathe map Dg — Da/maDy = D.
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The next lemma generalizes [BC09, Proposition 2.3.6] from the case K = Q, to arbitrary
finite extension K/Q,, with essentially the same argument.

Lemma 5.2. Let D be a (¢, 'x)-module D of rankn over R . Let A € Cg be alocal Artinian
E-algebra with mazimal ideal my such that A/my = E.

(1) Suppose that for a continuous character 6 : K* — E*, D has a saturated (¢, ')-
submodule Dy of rank 1 such that Dy = Rk g(0) andHom, r, (R (), D/Dy) = 0. Then
for any deformation D of D to Rk a, there can exist al most one continuous character
da : K* — A* such that Dy contains an Rk g-saturated (o, 'k )-submodule Do over
Ri.a and (04 mod my) : K* — E* equals 6. Moreover, if such §4 exists, Day is also
the unique Rk, p-saturated (¢, I')-submodule of D 4 isomorphic to R 4(d4).

(ii) Suppose D is trianguline with a triangulation F* = (0 = F° C F' C --- C F" = D) with
parameter (81, ..., 0,) such that for all1 <i < j < n, §;/6; ¢ {«*|k € N*<}. Then, for
any trianguline deformation D4 of D, D can admit at most one triangulation Fil*(D,4)
such that (D 4, Fil*(D,)) is an F*-trianguline deformation of D.

Proof. (i) Givend : K* — E* let (521 ,(5 . K* — A* be two lifts of §, and suppose D' )0 is
an R g-saturated (¢, 'k )-submodule over R 4 of D4 such that DS?O = Rk.a (51(4 ), for

© = 1,2. We need to show that DS}O = fo}] as submodules of D4 and thus (51(41) = (5?. It
suffices to show that, for any i, j € {1,2}, we have

(5.1.1) H0m¢7FK(RKA(5(j)) D4/DY)=0

from which we can conclude that D( D - D , and hence by symmetry, Dg) = D(Q)

Since Dg) is a free A-submodule of the free A module Dy, the quotient D4/ Df4) is also
free over A by [BC09, Lemma 2.2.3(i)]. So, Dg) is a direct summand of D4 as A-module,
and hence D(i) NmyDy = mAD ® , by which we see that D i)/mAD(i = Ry r(d)is asatu-
rated (¢, FK) submodule of DA/mADA = D over R g. Since Homy, r, (Rk,£(0), D/Dy)
vanishes, D} ® /m ADﬁx) is a saturated submodule of Dy of rank 1. So, Dﬁl /m ADI(L‘) = Dy.
For M, := DA/DA , we prove (5.1.1) by dévissage through the m4-adic filtration:

OzmgMiC---CmiMiCmAMiCMi

for some large N > 0 such that m} = 0, whose graded pieces are
mAM /ml“Ml M; @4 (mA/ml—i—l) (D/Do)dimE(mi\/lerl)
by the projectivity of M, over A. By left exactness of Hom, 1, (R, A(aﬁ{) ), —), it is enough
to show Hom,, 1, (R, A(é(])) M;® 4 (mly/mb™)) = 0forall0 < j < N. Any nonzero map
in Homy, . (RK,A((5( )) M; ® 4 (mly /m’1)) factors through Ry A((S(j ) ®a E=TRkr(d),
which contradicts the fact that Hom,, r, (Rk (), D/Dy) = 0. So, (5.1.1) is proved.

(ii) We claim that Fil'(D,)/Fil’"*(Dy) is the unique (¢, 'k )-submodule of D4/Fil'’"(D,)
that lifts the submodule F*/F* ! of rank 1 in D/F*~ !, for all 1 < i < n, which is enough
for us to conclude the uniqueness of the F*-triangulation on D 4. Under the assumption
that forall 1 <i < j <n,§;/8; ¢ {z7%|k € N*< } we deduce from Lemma 2.7(ii) that

Homyr, (Ri,p(6:), (D/F~)/(F'/F1)) = Homyr, (Ri.p(0:), D/ F)

— H'((D/F)(5Y) = 0.
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So, we can apply (i) to the deformation D,/ Filif'l(D 4) and the character ¢, to conclude
the uniqueness of Fil'(D ) /Fil" 1 (D4) in D4 /Fil" (D). O

Remark 5.3. For a (¢, 'x)-module D of rank n over R g, if the local Artinian E-algebra A
is Ee]/e*, we use D instead of Dgj/.2 to denote the deformations of D to Ry pe2. We can
identify elements in Extl(D, D) with deformations of D over Ry /2 as follows. Let
0D5D5D—0

be a self-extension of D as (p, 'k )-module over R . We define an action of € on D by

e5: DS DS DL D
Since ¢ and 7 are (¢, Ik )-equivariant, € 5 commutes with ¢ and I'x. Also, 825 =L,0MOLOT =
to0om = 0, which shows that D is a (¢, I'x )-module of rank n over R g2 with D/eD = D.
So, D is a deformation of D to Ry plejje2- Conversely, suppose Disa (¢, 'k )-module of rank
n over R gl /-2 such that D/eD D. Then, ¢ : D/eD — eDisan isomorphism of (p, I'k)-

module over R g because, as R g -2-module, D = (Ri peyje2)” = (Rg,p)" @p Ele] /2
We therefore get a self-extension

0—>eD=DD—»D/eD>D—0
of D, which is an element in Ext'(D, D).

Definition 5.4. For any given triangulation F* on a (¢, I'x)-module D of rank n over Rk g,
we define the subspace of F*-trianguline deformations Ext}. (D, D) to be the subspace
of Ext' (D, D) consisting of deformations D of D to Rk, Ele]/e> that admits an F*-triangulation

Fil*(D) under the identification explained in Remark 5.3.

Remark 5.5. In Definition 5.4, for a deformation D of D that is trianguline, there may be
several triangulations Fll'(D) on D that lift F*. If the triangulation parameters (dq,...,0,)
of F* satisfy the condition that ;/0; ¢ {2*|k € N¥<} for 1 <i < j < n, then Lemma 5.2(ii)

applies to guarantee the uniqueness of the F°*-triangulation Fll'(D) on D.

To verify that Extr. (D, D) is an E-subspace of Ext' (D, D), we recall the definition of Baer
sum. Let B, C be two (p, ' )-modules over R . For any two extensions in Ext' (B, C),

0—-C—-Dy—-B—->0, 0-C—Dy—B—0,
their Baer sum “D; + Dy” is calculated by taking the direct sum
0->CaeC—-D¢Dy,— B®dB—0,
pushing out via the sum C' & C' ENYe; , and then pulling back via the diagonal B 2 BaoB:

0 — Ce(C ——— DDy —— BB —— 0

5 | |

(5.1.2) 0 y O » CUcec (D1 ®Dy) —— B®B —— 0
| I A
0 y C y Dy + Do > B > 0
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Moreover, if there are further extensions of (¢, I'x )-modules
0-C"-C—-C"—-0, 0-D,—D;,—D/!—0, 0B —B—B"—0,

for i = 1,2 that induce 9-term commutative diagrams with exact rows and columns

0 0 0
0 > 5’ > D; > é’ » 0
(5.1.3) 0 b C’ b DZ > B > 0
0 —— (;” ; 5” ; l;/’ > 0

0 0 0

for = 1, 2, then we naturally have a complex
(5.1.4) 0 — (D] + D}) — (D1 + Dy) — (DY + D) — 0

which is exact, since after taking pushout and pullback, we have a commutative diagram

0 0 0
0 >5’ >D’1;LD’2 >l§’ > 0
0 C >D1;D2 B > 0
0 > 5” > D’{;LD’Q’ > é’/ > 0
0 0 0

with exact rows and two exact columns. By the 9-lemma, the middle column (5.1.4) is exact.

Proposition 5.6. For any triangulation F* on a (¢, 'k )-module D of rank n over Rk g, the
subspace of F*-trianguline deformations Ext-.(D, D) is an E-linear subspace of Ext' (D, D).

Proof. Let 131 and IN)Q be two deformations of D to Rk gj/.2 lying in the subset Ext}. (D, D),

respectively equipped with F*-triangulations Fil*(D;) and Fil*(Ds). For each 1 < j < n and
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i = 1,2, we naturally have a commutative diagram similar to (5.1.3) by

0 0 0
0 > JFI s Fil/(D;) > JFI > 0
0 y D > l~)i » D > 0

<
O/
]

Hence, by the exactness of (5.1.4), we have exact sequences
0 — Fil(Dy) + FiV(Ds) — Dy + Dy — (D1 /FiV(D1)) + (Do /Fil (D)) — 0

for 1 < j < n, which shows that Fil*(D;) 4 Fil*(D,) is an F*-triangulation on Dy + D,. Note
that by applying Baer sum to the following commutative diagrams for i = 1, 2,

we obtain that grd (Fil*(D;) + Fil*(Dy)) = grj(Fil'(ﬁl))j grd (Fil*(D,)) for 1 < j < n. To
show that Exty(D, D) is stable under E, let 0 — D — D — D — 0 be a deformation of D

equipped with an F*-triangulation Fil*(D). For « € E, thescalar multiple a[D] is the extension
obtained by pushing 0 — D — D — D — 0 out along the map D = D. Then, oFil*(D)] is
an F*-triangulation on a[D]. So, Ext.(D, D) is an E-linear subspace of Ext' (D, D). O

For (¢, I'x)-module D of rank 1, its deformation to R i g /-2 has the following description.

Proposition 5.7. For any continuous characterd : K* — E*, we have a canonical E-linear
isomorphism

Hom (K™, E) = Ext'(Rk.£(0), Rk.e(0)), ¥+ R(S(1+ve)),
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where Hom(K >, E) denotes the vector space of continuous homomorphisms from K* to E.

Proof. Twisting by §~! gives an isomorphism Ext'(Rx g(d), Rx.r()) — Ext'(Rk g, Rx.x).
So we may assume that 6 = 1. Explicitly, given a continuous character ¢ : K* — F, we have

(1 +(a)e)(1 +9(b)e) = 1+ (v(a) +1(b))e = 1+ Y(ab)e

for any a,b € K*. Hence, 1 + ¢ : K* — (Ele]/e?)* is a continuous character that lifts the
trivial character 1, and Ry gie/-2(1 + ¢e) deforms R . Conversely, given any deformation

D of Ri.eto Rk g/, by Theorem 2.5 there is a unique character 5 KX = — (Ele]/e*)* such
that ((5 mod €) = 1 and D= R Bl /22 ((5) So, s=1 + e for a continuous map ¢ : K* — E,

which is a homomorphism because ¢ is. The map Hom(K*, E) — Ext'(Rg g, Rk.g) is an
E-linear map because it is the comparison isomorphism [KPX14, Proposition 2.3.7]

cont(GK? V) “g H; ' (Drlg(v))

between continuous Galois cohomology and (go, " )-cohomology for the trivial 1-dimensional
representation V := E of G and the associated (¢, I'x)-module Dy (V) = R g. Indeed, by
local class field theory, we have isomorphisms

Cont<GK7 ) Homcont (I/(\X7 E) = I"IOIIl<I(><7 E),

where a continuous character ¢» € Hom (K>, F) corresponds to the deformation E(1 + v¢e) €
Extg, (E,E) = H} . (Gk, E) of the trivial representation E. Under D,,, this gives our map

Homcont(KX, E) — EXt (RK,E7RK,E)> ¢ — RK,E(l + QZJ&“) = Drig<E<1 =+ ¢€)) ]

5.2. Deformations of locally analytic principal series. We slightly generalize results on
translation of locally analytic principal series in [JL.S24] to Artinian coefficients. Let A € Cg
be a local Artinian E-algebra of maximal ideal m4 and residue field A/m, = E.

5.2.1. Let G D P D B D T be asplit connected reductive group over K together with a par-
abolic subgroup, a Borel subgroup and a K-split maximal split torus. Write G := G(K), P :=
P(K),B := B(K),T := T(K) for their groups of K-points. Let G D P D B D T be the
Weil restrictions of scalars from K to Q,, i.e., G := Res(gp(G),B = Resgp(B), etc. Then,
G(Q,) =G,P(Q,) = P,B(Q,) = B,T(Q,) =T are locally K-analytic groups, whose Q,-Lie
algebras are naturally K-vector spaces that we denote by g, p, b, t respectively. Denote their
base changes from Q, to E by gg,pg, bg, tg, and let t}; be the weight space, which is the E-
linear dual of tg. Via the isomorphism K ®q, £ = HUGEK E, we have g = [[, 9r QKo E,
bp =[], br @k E, etc. Then, gg is a split reductive Lie algebra over £ with Cartan subal-
gebra tg because G xq, F = HUEEK G Xk, I is a split connected reductive group over E of
Lie algebra gp with split maximal torus 7 Xq, E. Via the inclusion

G(K) =6(Qy) CG(E) = (g xq, E)(E),

we can use the highest weight theory for the split E-group G xq, E: if L(/\) is the irreducible
algebraic G x g, E-representation of highest weight A = (A\;)sexn, € tf HJ t* QK I, then
its restriction to G = G(K) is still irreducible by Zariski density of G(Q,) in G(£), and its
differential is the irreducible U(gg)-module of highest weight A, where U(gg) is the universal

enveloping algebra of the Lie algebra gg.
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Let D(G) be the locally Q,-analytic distribution algebra of G over E, which is defined to be
the strong dual of the locally convex topological E-vector space C'*(G, E) of locally Q,-analytic
E-valued functions on G. Similarly, we define D(B), D(P) with D(B) C D(P) C D(G). Let
D(g, P) be the smallest subring of D(G) containing both U(gg) and D(P), cf. [JLS24, §2.1.4].
We have a canonical embedding U(gg) < D(G) such that the center 35 := Z(U(gg)) embeds
into the center Z(D(G)). We have the translation functor on 3-finite D(G)-modules

T} : D(G)-mod, s, — D(G)-mod, g, M +— pr|,(L(V) ®E pr)y (M))

whenever A, 1 € t}, are such that p — A lifts to an E*-valued algebraic character of T. Here,
pry, is the projection to the generalized eigenspace of 3 for its eigencharacter x,, determined
by the action of 35 on the Verma module U(gg) ®u,) £y, and 7 is the unique dominant
weight in the Weyl orbit of the integral weight v :=  — X\ € t};. For any A € t3, let m,, =
ker(x,) C Z(U(gg)) be the maximal ideal given by the kernel of x,. For a locally Q,-analytic
representation V' of G on topological E-vector space of compact type, let V, denote its strong
dual, which is naturally a separately continuous D(G)-module. For a locally Q,-analytic

representation V of P over E, let Ind% (V)™ be the locally Qp-analytic parabolic induction
nd%(V)® = {f : G — V locally Q,-analytic | f(hg) = h.f(g),Vg € G,Vh € P}.

Remark 5.8. This is slightly more general than the setup of [JLS24], where the authors take
a split connected reductive group H over F' and consider locally F-analytic representations of
H(F). We are taking F' = Q, and H = Resgp(G) so that H(F') = G, which may not be split
over Q,. But since we always consider locally Q,-analytic representations on E-vector spaces,
and H xq, £ = HGGEK G Xk, I is a split connected reductive group over £, the results in
[JLS24] can be proved in this case using the same arguments. Cf. [Brel6, §2] and [Dinb, §1].

Example 5.9. Here we generalize [JLS24, Example 4.1.4, Example 4.1.7]. Let 74 : P — A~
be a locally Q,-analytic” character. Let dr4 : p — A be the Q,-linear derivative of 74, which
induces an E-linear map drs : pg — A that defines a U(pg)-module structure on A. More
generally, the locally analytic function 74 € C'8(P, A) & C'%(P, E) @ A induces an E-linear
map X, : D(P) = C"*(P, E); — A. One can verify that y,, is an E-algebra map as 74 is a
group homomorphism. Let M be a finitely generated A-module.

(i) We write M,, for the P-representation given by the composite P =% A* — Autg(M),

which is also a D(P)-module by the composite D(P) N N Endg(M). Let (M,,)Y :=
Hompg(M,,, E) be the E-linear dual on which P acts by the contragradient action.
(ii) We write My, for the U(pg)-module structure on M given by the composite U(pg) —

XTp

D(P) — A — Endg(M).

(ili) The induction U(gr) ®@u(py) Mar, is a U(gr)-module equipped with a locally Q,-analytic
P-action given by the formula h(u ® m) = Ad(h)(u) @ Ta(h)m for h € P,u € U(gg) and
m € My, ,, where Ad denotes the adjoint action of G on U(gg). The actions of U(gg) and
P are compatible in the sense that U(gg) ®u(py,) Mar, is an object of the category OF
[JLS24, §4.1.2], which is naturally a D(g, P)-module by [AS22, Lemma 7.4.2].

(iv) The same argument given in [JLS24, Example 4.1.7] shows that the inclusion U(gg) <
D(g, P) induces an A-linear isomorphism of D(g, P)-modules

U(gr) Qupy) Mary, — D(g, P) @ppy My,

"Equivalently, a continuous character 74 : P — A* by [Buz07, Proposition 8.3].
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and hence an A-linear isomorphism of D(G)-modules
FE(U(8E) ®u(pr) Mary) = D(G) @p(.p) (U(8E) @u(ps) Mary) = D(G) @p(p) My,

Lemma 5.10. For a finite A-module M and locally Q,-analytic character T4 : P — A*, we
have the following isomorphism of D(G)-modules

(5.2.1) D(G) @p(p) (My,)" = (IndE(My,)™),  (p @) = (f = p(Lo [))
for any distribution p € D(G), linear functional ¢ € (M,,)", and function f € Ind$(M,,)".

Proof. Since A islocal Artinian and M is finitely generated over A, M is of finite length over A
with successive quotients given by A/my = E. Thus, the submodule M[m,] is nonzero, and
any nonzerom € M[my] generates a 1-dimensional E-vector space Am = Em on which P acts
by the mod-m4 reduction 7 := (74 mod A) of 74. Consider

0— E, - M,, — (M/Am)., — 0,
which is an exact sequence of D(P)-modules.
(i) Applying the locally analytic parabolic induction and continuous dual, which are exact,
we get an exact sequence
0 = (InAZ((M/Am),, ), — (nAZ(My, =), — (IndE(E,)=); — 0
of D(G)-modules.
(ii) Applying the exact E-linear dual and D(G) ®p(py (—), we get a sequence
0= D(G) @) (M/Am),,)” > D(G) ®p(r) (Ms,) = D(G) @p(r) (Er) — 0

which is exact, since Tor?(P)(D(G), (M/Am),,)Y) = 0 by [ST05, Lemma 6.3(i)], where
the hypothesis (FIN) in loc. cit. is satisfied by (M/Am).,)", as (E,;)¥Y = E,-1 satisfies
(FIN) by [ST05, Lemma 6.5], (M/Am).,)" is a successive extension of (E,)" as D(P)-
module, and (FIN) is stable under extensions by [Wei94, Horseshoe Lemma 2.2.8].

The natural map (5.2.1) defines a commutative diagram with exact rows

0 —— D(G) ®D(p) ((M/Am)TA)V _— D(G) ®D(p) (MTA)V _— D(G) ®D(p) (E-,-)v — 0

| Je |

0 ——— (Ind5((M/Am),,)*), ——— (Indg(M,)"*), ——— (Ind(E,)"*), —— 0

The quotient M /Am has shorter length than M as A-module, hence we have by induction on
dimpg(M) that (5.2.1) holds for (M/Am),,. The validity of (5.2.1) when dimg (M) = 1 follows
from [ST05, Lemma 6.1(iv)]. By the 5-lemma, (5.2.1) holds for M. O

Remark 5.11. Suppose the local Artinian E-algebra A is Frobenius [Wei94, Definition 4.2.5],
i.e., there is an A-module isomorphism A = AY = Hompg(A, E). For any finite free A-module,

we have (M., )" = M. as P-modules. For example, Ele]/ e? is a Frobenius E-algebra since

E[e]/e* x E[e]/e* = E, (a+be,c+de) — ad + be

is an Fe]/e2-equivariant non-degenerate bilinear pairing, showing that F|e]/e? = (Ele]/e*)
as Ele]/e*-modules. We therefore have (4,,)" = A . for A = Ele]/e*.
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Lemma 5.12. Let \, i € t}; be such that A — p is the weight of an algebraic character of T'.
Let Lp be the Levi subgroup of P, and Repi(Lp)* ™ be the category of strongly admissible
smooth representations of Lp. For any pair (M, V) € OF> x Repp(Lp)* ™ such that M is
an A-module where A acts by D(g, P)-linear endomorphisms and FS(M,V) := D(G) @p(q.p)
(M ®g V), there is a canonical A-linear isomorphism

TY(FE(M,V)) = FR(IV(M),V))
of D(G)-modules that is natural in M and V.

Proof. The isomorphism comes from [JLS24, Theorem 4.1.12], and it is natural in M € O
and V' € Rep(Lp)*24™. Since the A-actions on both sides are induced by that on M, which
commutes with the action of D(g, P), this isomorphism is A-linear by its naturality in M. O

Lemma 5.13. Let XA, fea 2 T — A be locally Q,-analytic characters of T, let X, T — B
be their reductions modulo m 4, with weights A := dX, w:=dp € t;. Suppose that

(i) A and p are both anti-dominant,

(ii) U := [ia/Aa is an E* -valued algebraic character of T, and
(iii) the condition (4.2.8)° of [JLS24] is satisfied by A and pu.
Then, for any w € Wiy = Wy, and finitely generated A-module M, there exists an A-linear
isomorphism of D(G)-modules

Til(D(G) ®D(B) M x ) = D(G) ®D(B) Mw-ﬁA-

wAg

Here, the dot action of w € W on the locally Q,-analytic character M T — AX s defined
via the same formula given in [JLS24, §4.2.3], so that the mod-m 4 reduction of d(w - A4) equals
d(w - X) = w - A, which is the usual dot action of w € W on the weight A € t};.

Proof. By Example 5.9(iv) and Lemma 5.12 (here we take V' = E, the trivial representation of
Lp =T), it suffices to prove that we have an A-linear isomorphism of D(g, B)-modules

T (U(95) ®uibs) Myws,)) = U(8E) ®ues) Mawiia)-

Let 7 be the dominant weight in the Weyl orbit of v := p — A, and let L(7) be the irreducible
G-representation of highest weight 7. Recall that 7Y (N) = pr,|(L(¥) ®g prjyN). For Ny :=
U(8E) ®u (o) My(3 - 1t is a successive extension of Ny ®4 B = U(gE) ®@u(og) My,,.5), which
lies in U(gg)-mod,y. Since U(gg)-mod,y is stable under extensions, we get prw(NA) = Ny4.
Then, we filter L(7)|p by B-stable subspaces with 1-dimensional graded pieces on which B
acts through algebraic characters 57 : T — E* asin [JLS24, Proposition 4.2.10], where §; € t};
runs through all the weights of L(7) counting multiplicities. Tensoring this filtration with N4,
we get a filtration on L(7) ®p N by D(g, B)-submodules with graded pieces D(g, B) ®p(s)
(B ®p M, 5,) = D(g, B) ®p(5) (Mg,,y5,)) = U(8E) ®v(or) Mg,y g5, PY Example 5.9(iv).
Since pr, is exact, T} (N4) has a filtration with graded pieces pr),|(U(9r) @u(or) M, g5
appearing with multiplicity dimg(L(7)g, ) for each &;. Again because the mod-m 4 reduction of
U(gr) ®uos) Mg,y g5,,)> 20d hence U(gr) Quor) My, ga5,) 165elf; lies in U(gg)-modg; 1.y,
its projection to U(gg)-mod), is nonzero if and only if § 4 w - A lies in the orbit of yz under the
dot-action of W. Under the assumed condition (4.2.8) of [JLS24], by [JLS24, Corollary 4.2.9],

81t states that “u lies in the closure of the facet .# C &(\) which contains A2.”
42



& + w - A lies in the orbit of p under the dot-action of W if and only if {; = w(v), in which case
we have multiplicity dimpg(L(7)ww)) = dimg(L(7)y) = 1. Therefore,

TY(U(9r) ®ur) Myuws,y) = Priu(U(8E) @uer) Moy sauwis)
= U(98) ®u©r) Moy rdwi
= D(9, B) ®p5) My)w,)
= D(g, B) ®@p(5) Muwfis
=2 U(9E) @uvr) Mawiia)s

is the desired isomorphism of D(g, B)-module, which is A-linear as each step is A-linear. [

5.3. Ding’s correspondence and the proof of Theorem B. Let K/Q, be a finite exten-
sion. Following [Din25], we take G = GL,, k in the setup of §5.2, with B the upper triangular
Borel subgroup containing T the diagonal torus in G. Let B~ be the lower triangular Borel
subgroup. Then G = G(K) = GL,(K) D B=B(K) DT =T(K) and B~ = B (K).

Let D € ®I',.(¢, h) be non-critical crystabelline of regular Sen weights h = (hy, > -+ >
hno)oesy- Let k = (ki) € (N")*% and let p (D) be obtained from D by p = [T, , pff;’ such
that the resulting weights h’ = (b , > --- > h;, ,)oex, are still regular. In this subsection, we
recall the constructions of mp, (D) C 7 (D) from [Din25] and prove Theorem B from §1.1.6.

5.3.1. We recall Ding’s parameter map k,, on trianguline deformation spaces of D to E|[e]/e?.
For any refinement w € S,, of ¢, let Fil?, (D) be the corresponding non-critical triangulation of D

whose triangulation parameters are d.,,; = @u;) HaezK xﬁ"" for1 <i<n. Let Ext}U(D, D) C

Ext'(D, D) be the subspace of Fil},(D)-trianguline deformations to R /e, cf. Remark 5.3
and Definition 5.4(ii). Since ¢ is generic, we can apply Lemma 5.2(ii) to conclude that on any
deformation D € Ext! (D, D), there is a unique triangulation Fil*(D) that lifts Fil%,(D). The
graded pieces of Fil*(D) deform R 5(8,.), and hence are of the form R gl /e2 (0w,i (1 +1ie))
for continuous characters ¢; € Hom(K*, E) by Proposition 5.7. The tuple ¢ := (¢, ..., 1,)
defines a continuous character ¢ : ' — E, and following [Din25, (2.12)] we define

ko - BxtL (D, D) — Hom(T, E), D 1,

which is an E-linear map by Proposition 5.7. By [Din25, Proposition 2.10, Lemma 2.11], x,, is
surjective, and the subspace ker(r,,) of Ext'(D, D) is independent of w € S,,. We denote this
common subspace by Extj(D, D). For any subspace X C Ext'(D, D) containing Ext}(D, D),
we write X := X/ Exty(D, D) for the quotient. Thus, we get an isomorphism

Ko 1 Bxty, (D, D) = Hom(T, E).
The sum over all refinements generates the full deformation space: the diagram
@D, Exti, (D, D) — Ext'(D, D)
@wesn mqlu(pa D) — ml(D7 D)

commutes with surjective rows and columns, by [Din25, Proposition 2.12]
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Lemma 5.14. The operation py induces an E-linear isomorphism
P Ext'(D, D) = Ext' (pk(D), pk(D))
such that for every refinement w, it restricts to
i : Extl (D, D) 5 Extl (pk(D), pk(D)).
Moreover, the following diagram is commutative

Ext, (D, D) —™— Hom(T, E)

|

Ethzlu(pk(D)vpk(D)) — HOIH(T, E)

id

In other words, the pullback py does not change the parameter .

Proof Under the identification of Ext'(D, D) with deformations of D to E[]/e? in Remark
5.3, since D is of regular integral weights h and Sp E'is the only closed point of Sp(Ele]/ g?]), for

any D € Ext'(D, D), the (¢, 'k )-module py (D) equals fuw (D) for the change of weights map
fow : (Xn)f — (X,)f of [Wu, §1.3]. To verify the properties, by induction we may assume
Pk = Di o for some i and o, as in Theorem 4.10(i). By Theorem 4.10(iii), p; , is bijective. As for

E-linearity, for D € Ext! (D, D), we have a commutative diagram with exact rows

0 > D s D > D > 0

J J J

0 —— pio(D) — pig(D) — pig(D) — 0

where the vertical arrows are inclusions. For a € E, applying pushout by multiplication by a
on the subobjects, we see that p; s (a[D]) = a[pi+(D)]. As for additivity, we need to show that
for any Dy, Dy € Ext!(D, D) of the form

0=D5%D, ™ D=0, 0-D2D,"5D=0

the Baer sums satisfy
pi,U(Dl + D2) - pi,U(Dl) + pi,U(D2)-
Since both sides are (¢, 'k )-submodules of the Baer sum 151 + 52 containing ta(ﬁl + Eg),

by Theorem 4.10(i) it is enough to show that their Sen polynomials are equal. For D €
Ext'(D, D), its Sen polynomial Py 5(T) € (E[e]/€*)[T] reduces modulo ¢ to the Sen polyno-

mial Psen, p(T) = [ ex, [1j=i(T = hjr) € [l ex, EIT] = (K ®q, E)[T] of D. Since El¢]/e?
is (¢)-adically complete, Hensel’s lemma applies to show that

SenD H H h’ +aJT€))

TEX K =1
for some a;, € E. Suppose forl = 1,2, Py, 5/(T) = [Lcx, [ (T = (R + aglg)) for some
(Z) € E. We show that PSen D1+D2( ) =1L T1;(T—(h;+ (ang) + aﬁ))s)), from which it would

follow that pw(Dl + DQ) = pw(Dl) + pw(EQ). Since Dsgey r is exact, for [ = 1,2, we can
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write Dsen,T(Ez) = €Dsen+ (D) & Dgen-(D) as free K, @k, (E[g]/?)-module of rank n. Let
{e1r,...,en-} be an eigenbasis of the 7-Sen operator O, on Dge, (D). Then, {e;. 7o En )
isa Ky ®k.» (Ele]/e*)-basis of DSenT(Dl> on which the 7-Sen operator O, acts by © (ej ;) =
(hjr+ aﬁe)e] +. The 7-Sen module of Dy + D is a Baer sum of 7-Sen modules:

DSen,T(Dl + DQ) = DSen,T(Dl) + DSen,T(DZ)
= {(.1'1,1'2) € DSen,‘r(El) S¥ DSen,T<52) 7Tl(:ljl) = 7T-2(372)} / {57", _ET‘T € DSen,T<D)}7

which has a Koo @r.r (Eg] /?)-basis represented by the classes of {(e;.,€e;,)|1 <j<n}on
which the 7-Sen operator O, acts by
Osenr (€7 €5r]) = [(hjr + @ le)esr, (s + af)e)es ]
= [(hyr + (a5 + a)e)es o, hyre]
 (hy+ @+ M
Hence, Py,, 5, 5,(T) = I, TL;(T = (h; + (al) + a{2)e)), and the isomorphism
pio  Ext'(D, D) = Ext!' (p;» (D), pis(D))

is E-linear. For each trianguline deformation D € Extl (D, D), p; o(D D) is given by a pullback
using the unique lifting of Fil?, (D) and belongs to Ext}v(pw(D) pio(D)) by construction.
Moreover, the resulting triangulation on pw(ﬁ) has parameters x,0,,;(1 + 1;¢), from which
we see that Kjw(pivg(ﬁ)) = (1, ..., ) = Ku(D). O

Consequently, px preserves the subspace Exté(D, D) and induces an isomorphism
-1 ~ =1
px - Ext (D, D) — Ext (pi(D), pk(D)).

Thus we have a natural commutative diagram
@®,,cs, Ext, (D, D) —— Ext (D, D)

(5.3.1) lpk lpk

D.cs, Exty(p(D), pi(D)) — Ext (pi(D), pi(D))

5.3.2. Translation. We fix notations for weights and translation functor on the automorphic
side. Recall that G = G(K) = GL,(K) D B=B(K) DT =T(K) and B~ = B~ (K). Let

p::(n—17n—3’”"1—n) € E¥x
2 2 2 R

be the half-sum of positive roots of G with respect to B. Then, the half-sum of the positive roots
with respect to B~ is p~ := —p. The Weyl group of Resgp (G)is W = SZr whose element w =
(wo)s acts on t; = [[ e, t* @Ko F componentwise. Let 6 := (0, —1,...,1 = n)yen, € Z7K,
which differs from p by a central character "T’l(l, ..., 1). So, we can compute the dot-action
w- A :=w(A+p) —p=w(A+0) — 6 of Weyl group on weights \ € t}, using either p or 6.
For locally Q,-analytic representations of GL,, (K') on compact type E-vector spaces (all rep-

resentations later in this article are of compact type), [Dinb, Lemma 3.9] relates the translation
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functor on those V' that admit an infinitesimal character of 3 with the translation functor on
the strong dual V}: the following diagram commutes for any integral weights u, A € t7;,

u*
D(G)-mod, . — L D(G)-mod, ...

FE=XN*
(5.3.2) 5] 5]
TM
Repla(G)éE:XA —A> Rep1a<G)5E:HA

where the vertical maps are taking the strong dual, which induce an anti-equivalence of cate-
gories from locally analytic representations of G on compact type E-vector spaces to separately
continuous D(G)-modules on nuclear Fréchet spaces, cf. [ST02, Cor. 3.3], and \* = —wgA
is the dual highest weight with wg € W the longest Weyl group element, cf. [Bou75, VIII,
§7, n° 5, prop. 11]. We will use the same compatibility for objects with bounded generalized
infinitesimal character. Namely, if a compact-type locally analytic representation V' is killed
by a power mivx of the maximal ideal corresponding to x,, then its strong dual V is killed
by the corresponding power mfjﬁwox Since strong duality and translation functors are exact
on the relevant 3g-finite categories, [Dinb, Lemma 3.9] extends to this bounded generalized
setting by dévissage on N. In the applications below, N < 2, because the principal series are
deformations over F|e]/e2.

Lemma 5.15. Let X' :=h'—0 and A := h—0. The translation functors T5. and T in (5.3.2)
are equivalence of categories.

Proof. Tt is enough to show that T3 : D(G)-mody«; — D(G)-mody+| is an equivalence of
categories, for which we use [JL.S24, Theorem 1]. Note that T\ = T;j’oofi‘f because wy - A —
wp - A* = we(N* — A*). Then, wy - \* — wp - A* = A — X lifts to an algebraic character of T,
both wg - A* and wg - A* are anti-dominant, and both of them have the same (trivial) stabilizer
for the dot-action as h, h'" are regular. Hence, [J1.S24, Theorem 1] applies to yield that

Tw0->\/* — T){\:ﬁ . D(G)—m0d|)\*| e D(G)—mOdp\’*‘

wo-A*

is an equivalence of categories. O

5.3.3. Principal series. We recall the deformations to F|e]/e? on the locally analytic side con-
sidered in [Din25, §3.1.2]. For any w € S,,, we define the locally analytic principal series

PS(w(6), h) = IndS (w(@)n=")",
where 2% : T — E*, (21,..., 2zn) + [[121 [ [ ex, 0(2)* is the algebraic character of weight

Nandn:=1K|-|[gX--- K| %1 = ||z 06 is asmooth character added for the purpose of
normalization. By [Din25, Proposition 3.1(2)], the GL,,(K)-socle of PS(w(¢), h) isindependent
of the choice of w € S,,, and the socle is locally algebraic, given by

Taig(6, h) = Ind (¢ - ) @p L(N)
where Ind$_ (—)> denotes the smooth parabolic induction, and L()) is the algebraic represen-
tation of G of highest weight A with respect to B. For ¢ € Hom(T, E), let i,, (1) be the locally
analytic self-extension of PS(w(1)), h) given by the locally analytic principal series

twn(¥) = Ind- (fé(@nf(l +e)



with coefficients in E[e]/e?, cf. §5.2, whose strong dual is isomorphic to

D(G) @p(s-) (Ele]/e*) wiopme (1)) 1
by Lemma 5.10 and Remark 5.11. From this tensor product description, we deduce that
iwn - Hom(T, E) — Extf,(PS(w(¢), h), PS(w(¢), h))
is an E-linear map.
Proposition 5.16. For anyw € S, and ¥ € Hom(T, E), we have T} (iyn(¥)) = by ().

That is, the following diagram is commutative:

Hom(T, E) —“* ExtL(PS(w(), h), PS(w(¢), h))

id lTQ’

Hom(T, E) —* ExtL(PS(w(s), '), PS(w(¢), h'))

(5.3.3)

Proof. By (5.3.2), it suffices to prove the statement for the strong duals as D(G)-modules:

T (D(G) @p(s-) (Elel/2”) wigy=0e)-1) = D(G) @ps-) (EIEI/E) fu(sms (14001
which we will reduce to Lemma 5.13.

For this purpose, it is necessary to translate the language from the upper triangular Borel
B to lower triangular Borel B~. For w € W and & € t},, the Weyl dot-action with respect to
B~ is given by w¢ = w(§ + p~) — p~. By the independence of the twisted Harish-Chandra
isomorphism of the choice of the system of positive roots [KV95, p. 290] and the definition of
the twisted Harish-Chandra isomorphism, one verifies (using the positive roots with respect to
B and the positive roots with respect to B~ ) that for any weight £ € t};, the eigencharacter x.
of 3z on the Verma module U(gg) @y vy Fe coincides with the eigencharacter x,, ¢ of3p on the

opposite Verma module U(gg) Ru(oy) Buoe- Forany &8 € tg, let TZ denote the translation

functor with respect to B~. Then, we have T& T2,

woé1 *
Therefore, we have T3\ =T ;"Ooj‘ =T :i =T Zg E /\)) and we need to show that

wo (=)

Ty (D(G) @p(5-) (Elel/€®)wyww(é)~1n-12->(1—ye)))
= D(G) ®D(Bf) (E[e]/ez)wOTwof(w(qS)*ln*lz*)‘/(1—7,/)5))’
which will follow from Lemma 5.13 by taking A = E[e]/e2, Ax = wo-(w(¢) n~'2 (1 — e)),
fia = wo-(w(e) 'y~ 2N (1 — ¢e)), and w = wy € Wigsa mod ] = Wiaia mod e = W. It remains

to check that the hypotheses of Lemma 5.13 are satisfied by the above choices. For (i), since h
and h' are regular, both wy-(—\) = —wp(h)+60 and wy-(—X') = —wy(h’) + 6 are anti-dominant

with respect to B~. For (ii), the ratio
wor(w(@) "'~ (1 — ge))
0

= X, =
P = (o) T T A1 ve)
= wo(z’\ﬂ\/) = wo(A=X)
is an E*-valued algebraic character of T(K). For (iii), both (wy"(=)))* and (we"(—=\))* lie in

the same open B~ -anti-dominant chamber in the Euclidean space R®z ®, for ® the root system

of (gg, tr), cf. [JLS24, §4.2.3], because h and h’ are regular. Hence, Lemma 5.13 applies. [
47




Recall from [Din25, Proposition 3.1] that the irreducible components of PS(w(¢), h) are

!/

Fi- (L™ (=u-A),w(o)n) = (D(G) @pg.5-) (L~ (—u-X) @p (w(¢)n) ™)),
cf. [JLS24, Remark 4.1.11], forw € S,, and u = (uy), € W = SZK, where L™ (—u - \) is the
unique simple quotient of U(gg) Bu(sy) E_..x, [Din25, §3.1.1]. We denote these representations
by €W (w,u) := F§ (L~ (—u-\), w(¢)n) to emphasize their dependence on ¢ and the weight
h. By Lemma 5.15 and [JL.S24, Proposition 4.2.10], we have
(5.3.4) TY (€Y (w,u)) = €O (w, u)

since L~ (—u-\) is the unique simple quotient of U(gg) Dy oy) E—uwrand T, 2 is an equivalence of
categories. Then, following [Din25, (3.2)], we let PS; (w(¢), h) be the unique subrepresentation
of PS(w(¢), h) of socle T, (¢, h) = €M (w,id) and cosocle Pi<i<n—1 €M (w, s;,), where

TEX K
si o denotes the element of W = SEK that is the simple reflection s; at the o-component and

trivial elsewhere. By its uniqueness, (5.3.4), Lemma 5.15 and Proposition 5.16, we deduce
(5.3.5) T (PS1(w(¢), h)) = PS; (w(¢), h').

By [Din25, (3.3)], the amalgamated sum G}:fjj(’;h) PS;(w(¢), h) has a unique subquotient of
socle T,.(¢, h), and this subquotient is denoted (¢, h). By its uniqueness, (5.3.4), (5.3.5)
and Lemma 5.15, we deduce that

(5.3.6) Ty (m1(6, h)) = 7 (¢, ).

After [Din25, Remark 3.9], we denote by (¢, h) the unique quotient of @;”jj’(;h) PS;(w(¢), h)
of socle m,g(¢, h). We similarly deduce that

(5.3.7) T (w(6,h)) = (¢, W),
Following [Din25, (3.11)], for each w € S,, we define
Cw,h,l : HOIH(T, E) - EXté(ﬂ—alg(gba h)u ™ (¢a h)),
firstly sending v € Hom(T, E) t0 i, n(1) € Exts(PS(w(¢), h), PS(w(¢),h)), and then pulling
it back along the embedding 7, (¢, h) — PS;(w(¢), h) to
Extg(Tag (¢, 1), PS1(w(¢), h)) = Extg(mag(6,h), PS(w(¢), h)),

where the isomorphism is induced by pushout along PS;(w(¢), h) < PS(w(¢), h)), and finally
pushing it forward to Extg (mag (¢, h), (¢, h)) along PS;(w(¢),h)) < (¢, h). The same
construction, using (¢, h) instead of (¢, h), gives the version

Con : Hom(T, E) — Extg(mag (¢, h), 7(¢, h)).
By [Din25, Remark 3.9], the pushforward along (¢, h) < (¢, h) is an isomorphism
EthG(,/Talg(qb? h), m (¢, h)) = EXtIG(Walg(¢> h), 7(¢,h)).
By [Din25, (3.17)], both (, n1 and (, n are E-linear injections, and we denote their images by
Ext,, (Taig (¢, h), 71 (¢, h)) = Ext,, (Tag (¢, h), 7(, h)).

Since T' j‘/ is an equivalence of categories, it commutes with pullbacks and pushforwards. Thus,

together with Lemma 5.14 and Proposition 5.16, we deduce the following corollary.
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Corollary 5.17. (i) For anyw € S,, and @ = 1 or empty, we have a commutative diagram

Cw,h,o

Hom(T, E) <™ Ext(mag(6, h), m(¢, h))

. N
id lT/\

Cw,h/,o

Hom(T, E) <“™% BExtl (mug(¢, '), me (¢, h'))

(i) For anyw € S,, and e =1 or empty, we have a commutative diagram

Ext, (D, D) Exte(Taig (¢, h), me(6, h))

lpk lTQ’

Bt (p(D), pre( D)) 2225 Bt (g (6, 1), 7a (6, 1))

Cw,h,oonw

(i1i) For @ =1 or empty, we have a commutative diagram

=1 — 1
@wesn Eth(D7 D) m ’ @wesn Eth (pk(D)7pk(D))

le,h,oo"Cw lcw,h’,co"iw
A\

@wGSn EXtilu (Walg((b, h)7 ﬂ-'((bv h)) T—)\> @wesn Ethlu (Walg<¢, h/)v ﬂ-.((ﬁu h,))

lsum lsum
)‘/

EXté(ﬂalg(¢7 h)? 7T.(§Z5, h)) TA EXté‘(ﬂ-iﬂg(qu h,)v W‘((b? hl))

where the amalgamation maps “sum” are surjective by [Din25, Proposition 3.8(2)].

5.3.4. Universal extension. We discuss the notion of “universal representation” in general. Let
E be a field, and let D be an E-linear abelian category with objects A and B. Then, to any
finite dimensional E-linear subspace W of Exty,(A, B), one can attach a “universal extension”
EW-mY of A @y W (&2 AdmeW) by B satisfying the property that for any extension

0=+B—=&&—-A—=0
with corresponding classe € W C ExtID(A, B),themap a, : A > A®g W,a — a® e induces
o : Exty(A®p W, B) — Extp(A, B)
such that the pullback o (EW"1V) is precisely &..

gW—univ

Proposition 5.18. (i) Abstractly, this extension 18 the image of the inclusion map

iw : W — Extp(A, B)
under the canonical isomorphisms

w € HOIHE(W, EXt1D<A, B)) YRR Ethp(A,B) Rp wY s EX’E%;(A Rp VV: B) = gW-univ

where the first map is a canonical isomorphism for finite dimensional W, and the second
map is defined as follows: given &, € Exty(A, B) and a linear functional f € WY, we
pullback E. via By : AQW — A,a@w = f(w)a to BF(E.) € Extp (A, B), which defines

~

Extp (A, B) @ WY — Extp(A@g W, B), E.® f v B;(E)
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with its inverse given by

Exth(A @p W, B) = Homp(W,ExtL(A, B)), & (e~ ai(€)).

(11) Concretely, choose any E-basis{ey, ..., eqs} of W, corresponding to extensions&, ..., Eq €
Exty (A, B). Form the pushout 0f51, ..., Eq overthe common object B, denoted@KKd &

1<i<d
<0—>B—> P & %@Ael A®EW—>O> € Exty, (A ®p W, B).

1<i<d . . :
n, @5 =" E =2 EVY s the universal extension associated to W .

Proof. For any e € W, the inclusion i, : £ < W, 1 — e induces a commutative diagram:
Hompg (W, Exty, (A, B)) — Extp(A, B) @ WY —— Extp(A®p W, B)
li;f lid ®iy loc:,
Homy(E, Exty(A, B)) —~— Extp(A, B) ®p EY —~— Extp(A®p E, B)

Keeping track of the element iy, € Hom g (W, Exty, (A, B)) proves (i).
As for the second statement, we have a commutative diagram of E-linear isomorphisms

Homp (W, Exty, (A, B)) —— BExtp(A4, B) @ WY —"—— Extp(A®p W, B)
=|oL.z, =| @ e =|@t o
B¢ Homp(E, Exth(A, B)) —— @, Exth(4,B) ®p BV —— @, Exth(A®p E, B)

for the chosen basis {ey, ..., eq} of W. Recall that the pushout @-"~? & sitting in

1<i<d

0—B— @5%@146@ ARpW —0

is by construction such that o, ( ?Kd &; ) &jforeach 1 < j < d. Hence, it corresponds to
iw € Homp (W, Exty(A, B)), and it equals the universal extension attached to W by (i). O

5.3.5. Ding’s correspondence and the proof of Theorem B. We now recall Ding’s construction of
locally Q,-analytic GL,,(K')-representations my, (D) and 7 (D) attached to D € ®T'.(¢, h),
and then give a proof of Theorem B. By [Din25, Theorem 3.21], there is a unique E-linear map

tp : Exty(mag(¢,h), m (¢, h)) — Ext (D, D)
characterized by the property that the following diagram is commutative
=1 Cw 10Kw
@wESn Ext (D D) = @wGSn Ethlu (Walg((b, h)7 ﬂ-l((ba h))
(5.3.8) lsum lsum
Ext' (D, D) «——— Ext}y(muy(é, h), m (6, h))

The same map tp is used when 7 (¢, h) is replaced by 7 (¢, h), given [Din25, (3.16)]. In [Din25,

below Lemma 3.23], Ding defines 7,5, (D) as the universal extension EX* )iV of ker(tp) @5
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Talg (¢, h) by 71 (¢, h) and defines g (D) as the universal extension of ker(tp) ® g ma(¢, h) by
7(¢, h) in the sense of §5.3.4. Then, (D) = Tyin(D) @, (p,n) T(¢, h) by [Din25, (3.24)].

Proposition 5.19. Fore =1 or empty, we have a commutative diagram

Ext (D, D) +—2— Extl(mayg(, h), me(¢, h))

b b
Ext' (D), (D)) %25 Extl(mag(¢, '), me(6, 1))

Proof. Consider the following cube whose “front” face is the square in the statement

— Cw,h,eKw
D,.cs, Bxt,, (D, D) > Des, Bxth (Tag(6.h), 7a(6, h))
% i sum T)%,
1
Ext (D, D) « - Extg (Taig (¢, h), e (¢, h))
. l ; T
——1 Gw,h’,e°Kw
@wGS,L Eth (pk(D)*pk(D)) h: ” @wES,L EXt}u(Walg(¢7 h,)7 71-'((;57 h’))

sum /

Ext (p(D), pi(D)) & Exth (Tag (6, '), (6, 1))

tpy(D)

All other five faces commute either by Corollary 5.17(iii) or by definition. Since the map
sum : @) Ext), (ma(¢,h), m(¢, h)) = Extf(mag(6,h), me(¢, h))

wGSn

is surjective by [Din25, Proposition 3.8(2)], it follows that all faces are commutative. U
Since T’ /{‘/ is an exact equivalence of categories, it induces an isomorphism
Extg (Tag (¢, h), me(¢, h)) = Extg(mag(é, h'), me(¢, h'))

and sends the universal extension associated to a subspace W C Ext,(mag(¢, h), e (¢, h)) to
the universal extension associated to T3 (). By Proposition 5.19, we have

T (Muin(D)) = muin(pr(D)) - and T3 (mis(D)) = 7s(pic( D))
This completes the proof of Theorem B.

Data availability. We do not analyse or generate any datasets, because our work proceeds
within a theoretical and mathematical approach. One can obtain the relevant materials from
the references below.
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